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Motivation
Cold plasma physics:
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The magnetic Euler—Poisson equations

0 m" 0

Ot | m| + div| ootmmT +1Ip —oVY+mxQ

E p~tmT(E + p) —Vy-m
Ot(—Ap) = —adivm
Electron fluid Magnetic field
1 a2 Qe
a = —— ey 2
P mg Q meB
charge ge, mass me magnetic flux density B
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The magnetic Euler—Poisson equations

What structure is in this system? (pt 1)

Lemmat
Consider Corollary?
0 Let u be of class C?!, then
otu + divf(u) = s(g), s(g9) = g . oV(u) + VyV¥(u) - divf(u) = 0.
tm-g

Then, for all Lipschitz W(u) = ¥ (p, e(u)),

—— External forces do not modify the

VuV¥(u) - s(g) =0 a.e ; ;
internal energy and entropies.

IMaier, Shadid, Tomas '23
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The magnetic Euler—Poisson equations

What structure is in this system? (pt 2)

Hyperbolic subsystem:

1Y m’
8 | m| +div| pootmmT +1Ip | = 0
E o~tmT(E + p)
- ~ S
u f(u)
Invariant domain:
1 2
A=< (p,m, E):p>0, E—2—p|m| >0, s(p,e) > so
\_\/_/

pe
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The magnetic Euler—Poisson equations

What structure is in this system? (pt 3)
Source dominated subsystem:

o) 0
8t | m| = [ —pVo+mxQ |, 8i(—Ap) = —adivm.
E -V -m

High-frequency oscillations:

Plasma frequency

Cyclotron frequency
Assuming Q = 0 and Vp = O:

Assuming Vo = 0 and m L Q:

—A (B +wip) = 0, wp=+oa, dum+wim = 0, wc= Q|
\—\/—/

harmonic oscillator harmonic oscillator
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The magnetic Euler—Poisson equations

What structure is in this system? (pt 4)

But these fast dynamics might be hidden. ..

Magnetic drift Limit
Balanced Lorentz force implies

Ve X Q

v = —
dr |Q|2

otp + div (pvar)

Ol
Ot(—Ap) + adiv(pvar) =0

Diocotron frequency

Time scale via dimensional analysis:
2
pa Wy

Wq = = .
1] wc
Huge scale separation:

Wg~1 K wp ~10° € we ~ 102
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The magnetic Euler—Poisson equations

What structure is in this system? (pt 5)

Lemma (Formal energy balance)!

d L 5 . )
E/D {E+z|v<p| }dx+/aD {%(E+p)+w(m—avat<p)}.ndsio_

Lemma (GauB Law)?

If the initial values satisfy the Gauls Law, then it is maintained at all times, viz.

—Ap = ap.

IMaier, Shadid, Tomas '23
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The magnetic Euler—Poisson equations

Agenda: use an operator splitting approach

Hyperbolic update Source update
. o0 0
otu + div f(u) = 0.
Ot | m = —oVo+mxQ |,
E -V -m

Discretize with a scheme that
® is conservative, 8i(—Ap) = —adivm.

® preserves invariant domain A:
Discretize with a scheme that

{p >0, €>0, s> min 50}- ® keeps p and e invariant,
® maintains global energy balance,
® does not require to resolve wyp, We.
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The magnetic Euler—Poisson equations

How to discretize?

Source update

otv = —Vp+v X Q,

Bi(—Ap) = —adiv(pv).

Fundamental difficulty:

® u=[p,m, E]" collocated, algebraic quantity

® ¢ given by weak formulation, control Vi € L2
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A PDE Schur complement!

Rothe’'s method: Discretize in time, then discretize in space

Discretize in time with a Crank—Nicolson scheme:

vz —oyn %v(pnﬂm i %Vn+1/2 X Q. vl — oyntl/2 _ 0

-
—DQ"2 = —Ap" — Za V- (p"v"2), ML = 212 — pn,

Lemma (Energy balance)
Test with p"v™1/2 and with Z¢"*1/2 and integrate:

1 1
‘/Dapnlvn+1|2+5|v(pn+1|2 dX:/

1n n|2 1 n|2
=p"lv"|* + —|V"|* dx.
D2/0| | 2| |

IMaier, Shadid, Tomas '23
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A PDE Schur complement

Schur complement

vn+1/2 _ B;l <vf7 _ Ev(pn+l/2>
2 1

2
T - T —
_A(pn+1/2 _ Znav . <pn5n1v(pn+1/2> _ _A(pn _ ?ﬂav . <pan1vn> ,

where

,
an:v—?”vxﬂ.

Challenge: discretize in space while maintaining energy balance.
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A PDE Schur complement

Given (possibly non-affine) quadrilateral(hexahedral) mesh,

® FE space H, — continuous bi(tri)-linear finite elements,
® FE space V, — discontinuous bi(tri)-Llinear finite elements,

® |_umped inner product on Vp:
. K X . K _ h
<frg>h = ;zm, fIK(X’).glK(XI)r m,‘ _/;((pK,idX’
1

where X, is ith vertex and w’}’(’, is the corresponding shape function of V, defined
on K.
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A PDE Schur complement
Fully discrete source update

Given ) € Hy and v} € V7, solve for ;™! € Hy and v, € Vj satisfying

aZ(‘PZH/Q, wh) = (Vep, Vwh) 2oy + %CX(,OZB,TIVZ, Y Wh) ., Vwy € Hp,
(V2 20y, = (B (v = 2Vert ), 21, vz, € VY,
(pZH _ 2(p2+1/2 _ (PZ,
VZH _ 2V;+1/2 . VZ.
Lemma

2
T _
an(on, ) = (V@n, VWh)izp) + - (PIB, T on, YWY,

is bounded and coercive on Hj, with coefficients independent of w. = || and h:

||V<Ph||i2(D) < ap(@n, @n), ap(en wh) < C(l + O(Tﬁwﬁ)) lonll 2oy llWall L2(D)-
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A PDE Schur complement

Theorem (Discrete energy stability)?!
The fully discrete source update admits an energy balance:

1 1
n+1 f7+1 I7+1 2

Corollary (Hyperbolic energy update)?
Setting

1
n+1 n+1,2 2
ET=E+ 59?(“’/‘ 1 = Ivi1?)

maintains global energy balance and keeps p and e invariant.
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A PDE Schur complement

Remark:

No restart

, _ _ Accept @] as is.
Discrete Gauss Law violation

The source update does not guarantee — No Gauss Llaw. ..

/Dv(pnﬂ Vw,dx = oz<,0"+l >

Full restart (at end of step)
for wp € Hy.

Recompute @t

—— No energy balance. ..
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A PDE Schur complement

Remark:
Relaxation

Compute (p”“ with Gauls Law, with

0E

1 -
—<||V<PZ+1|If2(D) - IIVWZ“IIiz(D))
Reestablish bal
Kin <ph i1y, ,,+1>h —— Reestablish energy balance

by Lowering kinetic energy.
update

E
mln+1 - 1_<5_.) mtL
Kin
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Computational results
Diocotron instability for Low-density plasma Wanl <€ wp~10° <€ we ~ 1012

® [sothermal equation of state,
p = c?p.

® Initial conditions:

X) 1, inside annulus,
Po(x) := 107°%, outside annulus.

B V(x) X Q

Vo(X) = Var(x) = GE

® |inear stability: (nth mode)?!

growth ~ {geom. & n} wy. (3rd mode) (5th mode)

IDavidson & Felice '98
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Computational results

Diocotron instability growth rates

Normalized amplitude

6
5

4

I
L theoretical ——
3,145,728 dofs =

Z dofs Ye.n deviation

196,608 0.777 0.005
N 3 786,432 0.775 0.003
3,145,728 0.773 0.001
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Computational results

Diocotron instability growth rates

Normalized amplitude

6
5

4

I I
L theoretical ——

3,145,728 dofs

1
//K

Z dofs Ye.n deviation

196,608 0.935 0.024
N 4 786,432 0.919 0.008
3,145,728 0.913 0.002
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Computational results

Diocotron instability growth rates

Normalized amplitude

6
5

4

3,145,728 dofs

I
theoretical ——

Z dofs Ye.n deviation

196,608 0.667 0.016
5 786,432 0.677 0.006
3,145,728 0.680 0.003
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Conclusion and Outlook

® \\We considered the magnetic Euler—Poisson equations where the magnetic field
is known but the electric potential is unknown

® Ve developed an efficient numerical method that preserves the relevant
structure of the PDE

® Future work: Euler—Maxwell equations

$2 deal.II

github.com/conservation-laws/ryujin dealii.org

“Structure-preserving finite-element approximations of the magnetic Euler—Poisson
equations’, J. Hoffart, M. Maier, J. Shadid, and I. Tomas, arXiv preprint (2025)

Thank you for your attention!
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