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Introduction

Long-term goal: Multiphysics systems
Invariant-domain preserving

Involution preserving

Example: Euler-Maxwell
Positivity of density

Positivity of internal energy

Gauss’s laws

Today’s goal: Maxwell eigenvalue problem
Involution preserving

Spectrally correct
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Eigenvalue problem

Setting
D ȷ Rd polyhedral, d = 3

H(curl;D) = fv 2 L2(D) : rˆ v 2 L2(D)g

H0(curl;D) = fv 2 H(curl;D) : v ˆ n = 0 on @Dg

Problem
Find – 2 C n f0g and (H;E) 2 H0(curl;D)ˆ H(curl;D) such that

`rˆ E =
1
–
H r0 ˆ H =

1
–
E

Involutions H 2 im(rˆ) and E 2 im(r0ˆ)
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Involutions

Orthogonality conditions
H 2 im(rˆ) () H ? ker(r0ˆ) := H0(curl = 0;D)

E 2 im(r0ˆ) () E ? ker(rˆ) := H(curl = 0;D)

Orthogonal projections
Πc
0 : L2(D)! H0(curl = 0;D)

Πc : L2(D)! H(curl = 0;D)

Involution-preserving subspaces
X c

0 = fH 2 H0(curl;D) : Πc
0H = 0g X c = fE 2 H(curl;D) : ΠcE = 0g
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Well-posedness

Boundary-value problem
Given (f ; g) 2 Lc (D) := L2(D)ˆ L2(D), find (H;E) 2 X c

0 ˆ X c such that

`rˆ E = (I ` Πc
0)f r0 ˆ H = (I ` Πc )g

Lemma (Ern and Guermond)
BVP well-posed with compact solution operator T : Lc (D)! Lc (D)

(–; (H;E)) eigenpair of T iff (–; (H;E)) solves Maxwell EVP

The eigenvalue problem is well-posed
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Discrete setting

Mesh family fThgh shape-regular and affine simplicial

Polynomial spaces
Pk;d d-variable polynomials total degree at most k

Pb
k (Th) = fp 2 L

2(D) : pjK 2 (Pk;d)d for all K 2 Thg

Jumps and averages
Fh mesh faces composed of interfaces F‹h and boundary faces F@h
Interfaces F 2 F‹h have a left cell Kl;F and a right cell Kr ;F

Tangential jump JphK
c
F = (phjKl;F ` phjKr ;F )ˆ nKl;F

Average ffphgg
g
F = (phjKl;F + phjKr ;F )=2
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Discretization

Discrete curls

(Ch0Hh; eh)L2(D) = (rh ˆ Hh; eh)L2(D) +
X

F2Fh
(JHhKcF ; ffehgg

g
F )L2(F )

(ChEh; hh)L2(D) = (rh ˆ Eh; hh)L2(D) +
X

F2F‹h

(JEhKcF ; ffhhgg
g
F )L2(F )

Stabilization

sch (Hh; hh) =
X

F2Fh
(JHhKcF ; JhhK

c
F )L2(F )

sc;‹h (Eh; eh) =
X

F2F‹h

(JEhKcF ; JehK
c
F )L2(F )
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Discrete problem

Discontinuous Galerkin bilinear form

ah((Hh;Eh); (hh; eh)) = (Ch0Hh; eh)` (ChEh; hh)

+ sch (Hh; hh) + sc;‹h (Eh; eh)

Discrete eigenvalue problem
Find –h 6= 0 and (Hh;Eh) 2 Lc

h := Pb
k (Th)ˆ P

b
k (Th) such that

ah((Hh;Eh); (hh; eh)) =
1
–h

((Hh; hh)L2(D) + (Eh; eh)L2(D))

for all (hh; eh) 2 Lc
h.
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Discrete involutions
Discrete operator

(Ah(Hh;Eh); (hh; eh))Lch = ah((Hh;Eh); (hh; eh))

Discrete eigenvalue problem
(–h; (Hh;Eh)) solves discrete EVP iff

Ah(Hh;Eh) =
1
–h

(Hh;Eh)

Discrete involutions

(Hh;Eh) 2 imAh = (ker(A>h ))?
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Characterizing the discrete involutions

Nédélec polynomials
Pc

k (Th) curl-conforming piecewise Nédélec polynomials degree k – 0

Pc
k0(Th) = fp 2 P

c
k (Th) : p ˆ n = 0g

Lemma (Ern and Guermond)
For affine simplicial meshes, ker(A>h ) = P

c
k0(curl = 0;Th)ˆPc

k (curl = 0;Th).

Discrete projections
Πc
h0 : L2(D)! Pc

k0(curl = 0;Th) Πc
h : L2(D)! Pc

k(curl = 0;Th)

Discrete involution-preserving subspaces
X c

h0 = fHh 2 Pb
k (Th) : Π

c
h0Hh = 0g X c

h = fEh 2 Pb
k (Th) : Π

c
hEh = 0g
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Spectral correctness

Discrete boundary-value problem
Given (f ; g) 2 Lc (D), find (Hh;Eh) 2 X c

h0 ˆ X
c
h such that

ah((Hh;Eh); (hh; eh)) = ((I ` Πc
h0)f ); hh)L2(D) + ((I ` Πc

h)g); eh)L2(D)

for all (hh; eh) 2 X c
h0 ˆ X

c
h.

Theorem (Ern and Guermond)
Discrete BVP well-posed with compact solution operator
Th : Lc (D)! Lc (D)

(–h; (Hh;Eh)) eigenpair Th iff (–h; (Hh;Eh)) solves discrete EVP

kT ` ThkLch ! 0 as h! 0 (spectral correctness)
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Spectrally correct simplicial elements
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The hexahedral case

Mesh family fThgh hexahedral

Polynomial spaces
Qk;d d-variable polynomials degree at most k in each variable separately

Qb
k (Th) = fw h 2 L2(D) : w hjK 2 (Qk;d)d for all K 2 Thg

Nc
k (Th) curl-conforming piecewise Cartesian Nédélec polynomials

Lemma
For hexahedral meshes,

ker(A>h ) ⊊ N
c
k0(curl = 0;Th)ˆ Nc

k (curl = 0;Th):
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Spurious eigenvalues for quadrilateral elements
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Conclusion

The discontinuous Galerkin approximation of the Maxwell eigenvalue
problem in first-order form is involution-preserving and spectrally correct
on tetrahedral meshes.

Hexahedral meshes still produce spurious modes; future work hopes to
fix this.

Next steps: the Euler-Maxwell equations and MHD.
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