
CwrpletingtheSquareandtheQuadraticTormula_

Suppose we are given integers

Aib ,
and C. Suppose also that

we are given a complex number ✗

such that

AXZ tbx + C = 0
.

What is ✗ in terms of aib
,
and

C ? In general , this is not

very straightforward to solve
. Let's

look at an easier
,
related problem .



Suppose we are given
'

real numbers die ,

f. Suppose some complex number

✗ satisfies

/ d.✗ te)
"

t f = 0
.

What is ✗ in terms of d ,e and

f ? This is much easier to solve :

@ ✗ + e)
'

+ f- = o →

(dxte )
'

= - f →

d. ✗ te = FF or

- (dxt e) = Fft →



dxte = ± if →

✗ = - e ± of

d-
-

Also notice that

(text e)
'

tf = d2×'t zdex + e' +f

is a quadratic polynomial in ✗ .

Let's return to the first problem .

If we can find numbers die ,
and

f in terms of a ,b ,
and C

such that axe tbxtc = Cdxte)
'

+ f
,



then solving axztbxtc = 0 for ✗

reduces to solving ldxte ) 't f = 0
,

which we already know how to do .

Is this possible ? What I mean

is
, given integers aib ,

and c
,

can we always find real numbers

die
,
and f such that for all

✗
,

ax
- tbxtc = @ ✗ +e)

'

tf ?



Let's see : If

ax2tbx tc = (dxte)
'

tf
,

then at tbxtc = dzxtzdexte + f.

By comparing coefficients , we get

a system of equations

{ E- %
C = e't f

The first equation implies D= Va
.

The second then implies e= b- .

Era'

The third then implies f- = c- ¥a .



We have successfully solved for die ,
and

f in terms of a ,
b

,
and C

.
Therefore

,

since a ✗Ztbxtc = (dxte) 't f
,

substituting for d
,
e

,
and f gives us

ax7bxtc=µxtFa÷.

The form of the quadratic on the right

has a special name : it is called

completingthesquare .



Let's look at an example . Let 's

complete the square on the polynomial
3×21-2 ✗ t 1

.

One way to do this is to directly

apply the equation we derived previously

with a =3
, 6=2 ,

and c-- l
.

3×42×1-1 = ✗ + 2- )'t I -42%253'

If you ever forget the general

equation , you can just use the



following strategy : we know completing

the square means to find d
,
e
,
f

such that 3×21-2×+1 = (dxte )
'

+ f .

Expand the right side to get

3×2+2×+1 = d 2×2 + Zdext e't f
.

Compare coefficients to get

3 = d2 → D= V5

2 = 2. de = Tire → e=YFs

I = e2tf = § tf → f- = 43
.

Then 3621-2×1-1 = @ ✗ tf)
"

t 2/3 .



Now we know how to complete the

square on any polynomial axztbxtc

with integer coefficients .
Let's see

if we can now solve

ax't bxtc = 0 for ✗
.

Completing the square gives us

☒ ✗ + Ina)
-

+ c- b÷a
= 0

.

Then far ✗ tybza,)2 = b
'

Ta
- c=b¥1ac

Therefore I ✗ + b- = I b2-4aT
2K ¥

'



Then Max -_
-b±zb÷ta÷ .

Finally ,

×=-Éf .

we have fidtWnbhem
of finding × such that

ant bxtc = 0
.

The solution for ✗ above is called

the quadruticformulu ,
and it

comes from comptetinythesquare .



Let's look at another example . Suppose

we wish to solve

✗Zt ✗ 1- I = 0

for ✗ . One way is to directly

apply the quadratic formula with

a = b = C = 1 :

✗ = -i±I
Another approach ,

if you ever forget

the quadratic formula ,
is to just



complete the Square :

✗Ztxtl = (✗ + E)
2

+ 3g .

Then we have that

( ✗ + E)21-3/4 = 0 →

(✗+%)
'

= - 314 →

✗ tyz = ±r÷ →

✗ = -lIz-3 .

Either approach gives us the same

result .




