MATH 610, Lecture 600 Nov 3, 2022
Fall 2022

Midterm II Info

Question I.

We have covered the following topics:
- A simple Finite Element method, examples in 1D and 2D
- Finite element spaces, unisolvence
- Implementational aspects (quadrature, assembly)

- apriorierror analysis: Quasi optimality, interpolation estimates, the Bramble-Hilbert Lemma
Question II.

Answer the following questions:

- Recall the definition of Sobolev spaces. What is a generalized derivative? What are the
norms of the spaces H'(Q2), H*(2), Hy(£2) and L*(Q2) for @ C R??

Also write out the semi norms |. |10y, |- |rr20)-

- What is the Lagrange nodal basis of P,?

a r S s
|

- Explain in detail how the elliptic model problem, —Au = f, u ’99 =0, on the unit square

2 =[0,1]* can be approximated with linear (Lagrange) finite elements. How is the stiffness
matrix A and the load vector F constructed?

- Find unisolvent degrees of freedom for P,(T"), Py(T) and P,(T).

- Give an example of a non-conforming, an H'-conforming and an H?-conforming finite
element.

- What is quasi-optimality (Céa’s lemma); correspondingly when can you expect an optimal-
o) ity result to be true?

\w - What is Galerkin orthogonality?

- What is the statement of the Bramble-Hilbert lemma? Recall the interpolation estimate
that we derived with the Bramble-Hilbert lemma on the unit simplex.

y - What is form (structural), shape, and size regularity?

Question III.

Show that the Argyrus clementdefined onatriangle 7,
V(T)=Pi(T), p(a;), Vp(a,), V2P<ﬂi)’ 9,p(m,),
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Question IV.

Let Q C R? be a bounded, convex polygonal domain and let J, be a triangulation of Q. Let V,
be the linear finite element space subject to 7,. We consider the elliptic problem

—Au+y(x)u=f(x) infQ, u(x)=0 forxedN.

(a) Formulate the corresponding Galerkin problems (G) with solution # and (G)) with solu-
tion #;. What is the correct function space V for the above elliptic problem?

(b) State assumptions on the data (7, v, f) under which (i) the problems (G), (G,) are well-
posed, (ii) the solution # € H?, and (iii) the following a priori error estimate holds true:

| — ”h“LZ(Q) + hju— ”h|H1(Q) < Ch?|u |H2(Q)'
(c) Prove the a priori estimate given in (b)! More precisely, show that

& _”h|H1(9) < Ch |”|H2(Q)’
(d) and with the help of the Aubin-Nitsche trick show that

| — ”bHLZ(Q) < Ch? |”|H2(9)'

Question V.

Have a look at the following homework questions: Homework IV, Q2; Homework VI, Q1, Q2,
Q3; Homework VII, Q1, Q2.
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