
MATH 610, Lecture 600 Nov 3, 2022

Fall 2022

Midterm II Info

Question I.

We have covered the following topics:

– A simple Finite Element method, examples in 1D and 2D

– Finite element spaces, unisolvence

– Implementational aspects (quadrature, assembly)

– a priori error analysis: Quasi optimality, interpolation estimates, the Bramble-Hilbert Lemma

Question II.

Answer the following questions:

– Recall the definition of Sobolev spaces. What is a generalized derivative? What are the

norms of the spaces H
1(⌦), H

2(⌦), H
1

0
(⌦) and L

2(⌦) for ⌦⇢R2
?

– Also write out the semi norms | . |
H 1(⌦), | . |H 2(⌦).

– What is the Lagrange nodal basis of P
1
?

– Explain in detail how the elliptic model problem, ��u = f , u

���
@ ⌦
= 0, on the unit square

⌦= [0,1]2 can be approximated with linear (Lagrange) finite elements. How is the stiffness

matrix A and the load vector F constructed?

– Find unisolvent degrees of freedom for P
2
(T ), P

3
(T ) and P

4
(T ).

– Give an example of a non-conforming, an H
1
-conforming and an H

2
-conforming finite

element.

– What is quasi-optimality (Céa’s lemma); correspondingly when can you expect an optimal-

ity result to be true?

– What is Galerkin orthogonality?

– What is the statement of the Bramble-Hilbert lemma? Recall the interpolation estimate

that we derived with the Bramble-Hilbert lemma on the unit simplex.

– What is form (structural), shape, and size regularity?

Question III.

Show that the Argyrus element defined on a triangle T ,

V (T ) = P
5
(T ), p(a

i
), rp(a

i
), r2

p(a
i
), @

n
p(m

i
),
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is unisolvent. Here, a
i

denotes vertices, and m
i

midpoints on edges. Show that the Argyrus

element is H
2
-conforming.

Question IV.

Let ⌦ ⇢ R2
be a bounded, convex polygonal domain and let T

h
be a triangulation of ⌦. Let V

h

be the linear finite element space subject to T
h
. We consider the elliptic problem

��u + � (x) u = f (x) in ⌦, u(x) = 0 for x 2 @ ⌦.

(a) Formulate the corresponding Galerkin problems (G) with solution u and (G
h
) with solu-

tion u
h
. What is the correct function space V for the above elliptic problem?

(b) State assumptions on the data (T
h
, � , f ) under which (i) the problems (G), (G

h
) are well-

posed, (ii) the solution u 2H
2
, and (iii) the following a priori error estimate holds true:

��u � u
h

��
L2(⌦) + h
��u � u

h

��
H 1(⌦)  C h

2
��u��

H 2(⌦).

(c) Prove the a priori estimate given in (b)! More precisely, show that

��u � u
h

��
H 1(⌦)  C h
��u��

H 2(⌦),

(d) and with the help of the Aubin-Nitsche trick show that

��u � u
h

��
L2(⌦)  C h

2
��u��

H 2(⌦).

Question V.

Have a look at the following homework questions: Homework IV, Q2; Homework VI, Q1, Q2,

Q3; Homework VII, Q1, Q2.
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I
A A function u r IR has a generalized

ith partial derivative v if

u aid Lud

for all d R R so 1 did r R
exists

2 4 0 on Jr

Mullally fleur tu'd

1141H'M ftp.fxidx u t IDul t U'dx

HullHill Mura

Mullen u2dx



b luthier true

141447 S E 122 u d

C For simplicity suppose R CR is a

polygonal domain Les K be the reference

triangle Suppose that we can construct

a triangulation Tu Kilian N of r

where I Each Ki is a triangle given

by an affine reference transformation

101

II
2 R C Y ki 3 Each kink 4 or

Kinki is a common

4 Each Ki C R edge or

a common vertex



Let Vilia nu denote the vertices of this

www.i.ae
Vi it N Y T cool Tillis Tito'D

Then the Lagrange nodal basis
thas's'ociared

to the vertices Vi i Nu is the

collection of functions 453in Nv where

1 Each di R R is continuous

2 Each diotj K IR is a degree 11

polynomial on K fu all in

3 Each d Uj Si for all i j

d su f on r

4 0 on Jr

weak form a uid Ltu Dd Fal fro
V Ho tr



Find ut V so alu 4 FCO t de V

Th triangulation of r as above

Uh dnt OCR not e P k ti n 4 412s o

Basis diF NI nodal basis

Matsue

Discrete problem Find Un E 444 so

aldi d all Fed for all 5 1 Nu

I
i W Fi load vent St V4 Or

Aj stiffness matrix
Ui o f i so Vi o on Jr

Each element Ki has vertices Vis Vis Vis E Viles nu

This defies a local to global enumeration

I 11 in x 3112,33 I Nv

Tidements Tfvertives



Then A É tenement
matrix

At Ddi Ddi 0 if Viet umumVoss
or

u j Vit umUyUys

when Vi Vi t Um Vue Vu ie i t I lil Illit

Ilk

A keel Ilam Iue
P Ilkim

Ku

The vertices are locally enumerated in such

a way so that

n f 1011

43

Hiii I
Vu z

1 The f Uni

2 4Ilk oTk Ii where



4215,41 X Doi 1 o

iii is

XI R 1743 011

3 Tuli Unit un I

4 Stu Ma D4 D 411mi o Tu

detail0Th Mk

D4 Mi D4 Ican Tu

Thus AIme Ilam Ddeluge Dd Ilam dx

T
Dafne oTu Dotcom tn ldetJTuldx

ilmenite



I
hide Yz

Dd Ma DdmMi lawful

Aki
it I kill Ilka Ilk or

54 I kill Ilka Ilks

IdeMi Dimmu Heth
if i Ilkill

j I Kim

and A A lime 112133

Similarly F I Fi
www.ioadvum

FY to
0 i 54 Ilan Ilan Ilan

f Ilk e I I kill le 42,37

Imftime dx Foth deluge otuldet Mul di

Tian



HerMul S foth de di
K

N
wa fHulin Ie XnI

quadrature rule on KIits

W WzWz Y

so F Fk

FY
o J 4 Icu'll

I kid Ilan

Hetu Ijf Tuli 1 Gelin t quadrature
em

if

j Il kill

If 42,33
Postprowess Boundary conditions in A F

and then solve for U



e Pa T span lixiy x'ixy y

a ii a

Need 6 unisolvensdof's

idea start w P dots plait B dots

Now try to provemisolence
and add extra dots

as Fifi c tax any tax't Exy Lay

p 0101 C 0 play CaxtGyt Cy x Gxy they

Pain cat Cy 0 Cz Cy

play CzX 1 x t Gy t oxy 6672

plow C 6 0 7 Cz 6

play axle x t Caya y t Cs Xy

Now pick 3 other points fu dofs Lets try

one of the firm ay Xiu p 1 10 Cz XII x

house 01 21 so x l X 0 Natural choice is X Ye

so ay 142,0 and dof 4 is p 42,0 4 0

Cz o play C Y i y CsXy



Symmetry as o Yz def 5 is plonk

4 0 Cz o play Cs xy

pick dof 6 to be any yay ok so xy to

Natural choice is X y 42 so def 6

is plyzili 4 0 5 0

93
i a dot's as

a

If plait o fi then p O unisolent

P T span tix Y X Xy
2 x3 x2y xyz y

Need to DOF's Tying the
same idea as

before is messy

Let's do something else

Start trying to prove insolence and

define DOF's along the way

ping c t Cz x t Gy t Cy x testy Cay t

c 7 3 8 x'y Cq x y't Sto y 3



Dof i p10,0 s o

Dof 2 2x play Cz t 2cg x Cs Y t 367
2

2cgXy t Cqy

Jx p 0,0 Cz o

Jyp Xy Cz t Cs X t 2667 t CSX t 2Caxy

3Cloy

Dof 3 Jyp10,0 3 0

play Cyx't CsXy t Cay Ctx CsXy Caxy Guy

p 1 10 Cy x t Cy x

Dof 4 p1110 Cy Ct 0 Cu Cz

play Cy x l X oxy t Cgx2ytCaxy 4073

642

Dof 5 plow Co Go 0 7 Ca Go

play Cy x'll x t C xy t 16 y y y t

8 24 t CaXYZ



Jx pixy Cy 2x 3 2 GY t 2Csxytcayz

Dof 6 Jyp no Cy 0 Cy o

D of 7 Jyp 1011 6 0 Ca o

i play Csxy t CsXy t Cy Xyz

Ixplay CSY 2cg Xy Cay

ayplay
CSX t 28 2 72cg xy

DOF 8 Jyp ont Cs Ca o es Cq

DoF 9 Jyp 1110
es geo as c

i pexly
Cs xy xy xyz

Dof 10 P 43143 Cs I Iz Iz o

Cs TO

unsolvent My



Py T span tix y x2 xy y X Xy xy y

XY X y x'y xy3 ya

Need 15 DOES for this one I'm too lazy

to do it

f Non conforming Broken finite element

space

Vi the L r I Ano Tue P K A KeTu

I Notice we do not require

continuity In ID

a typical du looks like

the inn
hence broken
the non conforming

propertyBasic theory tells us Vi H r

H confirming continuous FE space

Vi dueCole duoTu e P k Hk
I Now we impose continuing



Basic theory tells us Vic H r

t
the conforming property

H Conforming For H conforming we

needed function to be cts on edges of

mesh For H confirming we need functions

to be c on edges of the mesh I haven't

worked w H conforming FE before

but it looks live the FE in III is

H conforming

g Let U be a Banach spare and

a VxV R F V 112 satisfy

1 a is cts elliptic bilinear

2 F is cts linear



Let Un be a subspace of V Then we

know 7 unique Ue V so

a uid F14 I 4 EV and

I unique une Un so alan du Fida touch

Cea s lemma States that IC o so

HuUnlv s C inf tu duller
ueVn

This estimate is quasi optimal
b c of

the constant C To see when we obtain

the optimal estimate

Huund min Hu dullu Let's
dueUh

prove Cea s Lemma

pf observe Alu Uhdu o tone Un

Thus ally una et
wercivity

all Uh u Un



acu un U du

continuity

E C 114441144dull

Haunt E f nu dull touch

We observe that if g then

the last line of the proof actually reads

Hudull e nu dull touch Hunull gyunlindull

so optimality is obtained when holds

One way for this to hold is when

i
product on V

and we take Kullu Ng the energy norm



h Galerkin orthogonality

let a IF

and let Un CV Then if there

exists never alu d Fld Hdtv

and if I dntUnst a Union Fan touch

we have Galerhinorthogiating

Alu uh du 0 tone Un

Pf alu du Flan alan du
t
UnCV

y
bilinear

a cu un du alu du alunidu

Fla FLL O

D



i j These should be in the class notes

HT SKIP

VI Covered in recitation t some

results are in the notes

I Cheek your ad Hw's my old

HW Hints


