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7.3 Trigonometric Substitution

In finding the area of a circle or an ellipse, an integral of the form / va? — z? d arises,
where a > 0. If it were / zva? — x2? dz, the substitution u = a2 — z2 would be effective

but, as it stands, / \/a2 — z? dz is more difficult. If we change the variable from z to 8 by

the substitution z = a sin 6, then the identity 1 — sin? = cos26 allows us to get rid of the
root sign because

Va? —a? = v/a® — a?sin®f = \/@* (1 —sin?6) = v/a® cos’d = a |cos 6|

Notice the difference between the substitution u = a? — &2 (in which the new variable is a
function of the old one) and the substitution = a sin 6 (the old variable is a function of the
new one).

In general, we can make a substitution of the form & = g (¢) by using the Substitution Rule
in reverse. To make our calculations simpler, we assume that g has an inverse function; that
is, g is one-to-one. In this case, if we replace u by # and 2 by ¢ in the Substitution Rule
(Equation 5.5.4), we obtain

[t@de=[1am)d©®a
This kind of substitution is called inverse substitution.

We can make the inverse substitution £ = a sin 6 provided that it defines a one-to-one
function. This can be accomplished by restricting 6 to lie in the interval [—7/2, 7/2)].

In the following table we list trigonometric substitutions that are effective for the given radical
expressions because of the specified trigopnometric identities. In each case the restriction on
0 is imposed to ensure that the function that defines the substitution is one-to-one. (These
are the same intervals used in Section 1.5 in defining the inverse functions.)

Table of Trigonometric Substitutions

Expression Substitution Identity

™ .
a* — z? Z = a sin 0, —§<0< 1 — sin’6 = cos?§

E
2

https://ng.cengage.com/static/nb/ui/evo/index.html|?dockAppUid=101&eISBN=9781305387232&id=293697916&nbld=772229&sna...  1/9


javascript://
javascript://

9/17/24, 5:32 PM

Print Preview

Expression Substitution Identity
N z=atand, -3 << 1+ tan = sec?9

3_” sec?d — 1 = tan?6

T2 T
" —0" g —asech, 0<0<50r7r<0< 5
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Example 1

Evaluate

/ V9 — z2
—Zda:.
T

Solution Let z = 3 sin 4, where —7r/2 < 0 < w/2. Then dz = 3 cos 0 df and

V9 —a? = /9 —95sin’0 = /9 cos’d = 3 |cos 6] = 3 cos 0

(Note that cos § > 0 because —x/2 < 6 < «/2.) Thus the Inverse Substitution Rule
gives

3cos 6 db

V9 — 2 3cos b
/ z? dw:/

9 sin’0

2
=/ cos 0d0=/cot20d9
sinZ6

= / (csc?0 — 1) do

=—cot0—-0+4+C

Since this is an indefinite integral, we must return to the original variable z. This can
be done either by using trigonometric identities to express cot 8 in terms of

sin § = /3 or by drawing a diagram, as in Figure 1, where 6 is interpreted as an
angle of a right triangle. Since sin 8 = /3, we label the opposite side and the
hypotenuse as having lengths  and 3. Then the Pythagorean Theorem gives the
length of the adjacent side as /9 — 2, so we can simply read the value of cot 6
from the figure:

Vi—a?

T

cot 6 =

(Although 6 > 0 in the diagram, this expression for cot 6 is valid even when 8 < 0.)
Since sin § = «/3, we have § = sin™* (2/3) and so

_v9-=
T

[ (5) 4
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Figure 1
T
sinf = —
3
_— - x
8 [
NCE
Example 2
Find the area enclosed by the ellipse
22 3
a e Tl

Solution Solving the equation of the ellipse for y, we get

22 . 22 _az_mz
¥ a2 a
or
b
y=:|:—\/a2—:v2
a

Because the ellipse is symmetric with respect to both axes, the total area A is four

times the area in the first quadrant (see Figure 2). The part of the ellipse in the first
quadrant is given by the function

y=2 a? — z* 0<z<a
a

and so
—A= —va* —z° dx
4 0 a

Figure 2

2 2
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To evaluate this integral we substitute £ = a sin 0. Then dz = a cos 0 df. To change
the limits of integration we note that when = 0, sin 8 = 0, so 8 = 0; when z = a,
sin § = 1, so 8 = w/2. Also

Va? —z? = \/a® — a®sin?0 = v/a® cos’d = a |cos 0] = a cos 0

since 0 < 0 < /2. Therefore

A:4%/ \/a2—a:2 dw=4%/
0

w/2
0

acosf-acosf db

w/2 /2 1
= 4ab / cos?0 df = 4ab / 5(1 + cos 26) do
0 0

— 2ab[6 + 1sin26]7* = 2ab (% + 0 — 0) = mab

We have shown that the area of an ellipse with semiaxes a and b is wab. In
particular, taking a = b = r, we have proved the famous formula that the area of a
circle with radius 7 is 7r?.

Note Since the integral in Example 2 was a definite integral, we changed the limits of
integration and did not have to convert back to the original variable x.
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Example 3
. 1
Find | ————dx.
z2v/x? +4

Solution Let z = 2 tan 0, —m/2 < § < m/2. Then dz = 2 sec?8 df and

Vat +4=,/4(tan’0 + 1) = /4 sec’d = 2 |sec 6] = 2 sec 6

So we have

do

2sec?6 do 1 / sec 6
tan26

dx
/ 22/22 +4 _/ 4tan20-2sec§ 4
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To evaluate this trigonometric integral we put everything in terms of sin 6 and cos 6:

secd 1 cos’0 cos @

tan20 cos 0 gin?0  sin20

Therefore, making the substitution u = sin 8, we have

dz . [ cos@ . [ du
z2y/z2 + 4 sin“6 U
=i(_%)+0=_4si1n0+0
=_=fl_

4

We use Figure 3 to determine that csc 8 = v/z2 + 4/z and so

dx _ v z2 +4 LC
z2/z? + 4 4z

Figure 3
tanf = —

Jova

’,,,«*"' i x

2

Example 4

Find / S —
vz +4
Solution It would be possible to use the trigonometric substitution £ = 2 tan @ here

(as in Example 3). But the direct substitution u = z? + 4 is simpler, because then
du = 2z dz and

L[ du

T
———dzx = — = u+C:\/:c2+4+C
/\/ac2+4 2/ u Ve

Note Example 4 illustrates the fact that even when trigonometric substitutions are possible,
they may not give the easiest solution. You should look for a simpler method first.
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Example 5

dz
Evaluate / —— , where a > 0.
22 — a2

Solution 1 We let z = a sec 6, where 0 < 0 < w/2 or w < 8 < 3w/2. Then
dz = a sec 6 tan 6 d6 and

Vva® —a® = y/d® (sec’§ — 1) = v/a® tan’f = a |tan 6] = a tan 6

Therefore

a sec 6 tan 0

dz
/«/mz—a2_/ a tan 6

The triangle in Figure 4 gives tan 6 = v/z? — a?/a, so we have

d9=/secl9d0=ln |sec@ + tan 6| + C

Ja—a

a

+C

In %+

/ dz _
Va2 —a?
=In |a3—|—\/a:2—a2|—1na—|—0’

Writing Cy = C — In a, we have

[A]

dz
——=1In ‘a:—i—\/:vz —a2‘+01
VI — a2
Figure 4
secld = —
.-d'"'-ff.
X _.-"f. i ]
-----__..-" "‘fll -1 — a_
.-*"'Ff.
— 6
a

Solution 2 For > 0 the hyperbolic substitution £ = a cosh t can also be used.
Using the identity cosh?y — sinh®y = 1, we have

Vvt —a? = \/a2 (cosh®’t — 1) = v/a? sinh? ¢t = a sinh ¢

Since dxz = asinh t dt, we obtain
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/ dz _/asinhtdt_/dt_t+0
N asinht N

Since cosh t = z/a, we have ¢t = cosh™ (z/a) and

2]

/ % = cosh™? (%) +C

Although Formulas 1 and 2 look quite different, they are actually equivalent by
Formula 3.11.4.

Note As Example 5 illustrates, hyperbolic substitutions can be used in place of trigonometric
substitutions and sometimes they lead to simpler answers. But we usually use trigpnometric
substitutions because trigonometric identities are more familiar than hyperbolic identities.
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Example 6

3v3/2 23
Find / —dz.
0 (422 +9)%

Solution First we note that (422 + 9)** = (V4a? + 9)3 S0 trigonometric substitution
is appropriate. Although /422 + 9 is not quite one of the expressions in the table of

trigonometric substitutions, it becomes one of them if we make the preliminary
substitution © = 2z. When we combine this with the tangent substitution, we have

z = g tan 6, which gives de = gsec29 df and

\/4:1:2 +9=+/9 tan®0 + 9 = 3 sec 0

When z =0, tan 8 = 0, so = 0; when z = 34/3/2, tan § = /3, so 0 = «/3.

3v3/2 3 /3 2 tan3g
/ z—dm = / 8 35ec?20dd
0 0

(422 + 9)*/2 27 sec30 2
_ 3 /3 ta.n39d0= 3 /3 sin30d0
16 J,  secl 16 Jo  cos?0

/3 1 — cos?0
3 .
=15 ool sin @ d6

Now we substitute 4 = cos 0 so that du = —sin 6 d. When @ = 0, u = 1; when

1
0=m/3, u= 3 Therefore
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/3\/5/2 $3 3 1/2 1— ’U,2
0

— = _dz=-3 du
(422 + 9)3/?

16 u2

1/2

:i (1_u_2)du:i[u+l]l/2
1

16 16 ull

=1 [(G+2) -1+ =5

Note

As Example 6 shows, trigonometric substitution is sometimes a good idea
when (ar:2 + a2)"/2 occurs in an integral, where n is any integer. The same is

true when (a2 — 22)™? or (22 — a2)™? occur.
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Example 7

Evaluate / #dw.
V3 —2x —x2

Solution We can transform the integrand into a function for which trigonometric
substitution is appropriate by first completing the square under the root sign:

3-2r—22=3—(22+22)=3+1— (22 +2z+1)
=4—(z+1)*

This suggests that we make the substitution © = = + 1. Then du = dx and
z=u—1,s0

x u—1
/—da:: Tt Y
V3 —2x — 2 V4 — u?

We now substitute 4 = 2sin 6, giving du = 2cos 0 dd and v/4 — u?2 = 2cos 6, soO
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/ m /2s1n0 2 cos 6 db
,/3_2:,,_:,;2 2 cos @
=/(2sin0—1) do
=—-2cos—-0+C

- — 4—u2—sin_1(%)+0’

= —v/3 -2z — zZ —sin~! (ETH) +C

Note

Figure 5 shows the graphs of the integrand in Example 7 and its indefinite
integral (with C = 0). Which is which?

Figure 5
3
s ™
—4 \ = 2
—
L. /
-5
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