
 

Definition her K be a polygon square or

triangle

P K a space of polynomials defined on K

and I a set of linear functionals on PLK

called degrees of freedom

Then the triple K P KD I is unisotent

if 1 I dim PIK

2 For any pe Plk if Ocp o for

all of 2 then P 0

Remand A member of PCR is a

polynomial p K R For example

if K is the unit square and Plk is

the space of all degree at most 2 polynomials on

K then a typical member
of PLK is of

the fam play C tax toy t Cy x t Exy they

for some constants G Cris Cy 4,46



A member of 2 is a linear map

0 P K R that is o

assigns to each polynomial pePCK a real

number Otp elk and for any scalar CER

any 2 polynomials pi Pee Plk

0 CP Pa CO Pit OCP2

For example if we fix a point Xoyo Ek

then 8 p plxo.to is a valid

degree of freedom

Other examples include Otp 2xplxo.to

Glp I play dxdy

ocp Inphoto Photo III um
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for lxo.to on bandy 9

III
Yo

of K



Condition I of unisolvence means that

the dimension of the vector space Plk

must be the same as the number

of degrees of freedom
DOF's

For example 4 K IIa
P K P K span l x y

Tegh polynomials on K

Jlp plan or P k s IR

Esp pain I 0 Oz 03

03 p plan

we have dim PCR 3 2

On the other hand if we keep the

same but now take Plk PC span exitx3xy

deg 2 polynomials
Y

we have dim PR 6 t 2 3



Condition 2 of unisulvenue says that

the only polynomial that can vanish on

annihilate all of the DOF's is the

zero polynomial

For example

K I Plk Pick

0 p plop Elp Pino Osip plan

I 0 02,033

claim K Plk I is unisolvent

proof dim PIK 3 2

Now let pePCK satisfy

0 p plo o D 03 p plod O

Oz p p 1,01 0



We will show this implies p 0

Since pe Plk span titty

I constants G G est IR so

play at ex GY UH g EK

Then plow c 0

p 1,07 Citcz o
9 9 13 0

prom C 13 0

play o thy p o

Thus conditions 1,2 are satisfied so

K PLK E is unisolvent A

Antherexane k II
P K Pz k span tix y x2 y xy
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06 p Sppixiy dxdy

claim K P K I is not unisolvent

proof dim PIK 6 E Now

suppose pe Plk satisfies oilp o ti

I Ci 4,63 Cy G Cy EIR so

Then pepck play c tax toy tax't

xy Cay YAY ek

i op ploo c 0 n

Ozp 1711,0 Gt Cz 34 0 z

03 p plan Ci t Cz t Ca o 13

Oy p pan cite testa 51 6 0 14

Os p p 42,42 at elates at Cala slutColy O
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06 p Spplay dxdy fofo a tax toy t

Cyx t CsXy Cay'dxdy
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Equations i 6 can be put in

matrix reeler form like

I 0 0 0 00

I 1 0 I 00

FEIL1
I 42 1243141 3 La

e e

If diet A 40 then A exists so

AE O A AE Ato E O p O

I unisolvent



If des A 0 then A dues out exist

and there must exist some choice of

Ci Ca t IR w some Cito so

AC O

ie play c text easy t ca x't sexy Cay

is not the zero polynomial but

all Oi p D Thus condition 2 fails

to hold so K P E is no

unsolvent

Thus K P I is unisolvent der A 0

Use a computer or do it by hand to

compute diet A 0 so Kip I is

not unisolvent

Indeed play X X y y satisfies
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bij are the Gauss points

bij Ti Xi when
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