Exam 3 Practice Solutions

Jordan Hoffart

(a) Write down the Jacobi and Gaufi-Seidel iterative methods for

Ax =10
with
10 1
A=11 2 0f, b= |1
0 1 1
Solution. Decompose A into
0 00 2 00 010
L:=11 0 0f, D:=10 2 0f, U:=10 0 0],
0 00 0 0 1 0 00

which are the strictly lower-triangular, diagonal, and strictly upper-triangular parts of A. Starting
with an initial guess x°, the Jacobi method iteratively solves the system

D2 4 (L4 U)z™ = b.
The Gaufl—Seidel method iteratively solve the system

(L+ D)z"t + Ux™ =b.

O
(b) Do 2 iterations of the Gau-Seidel method starting with 2° = (0, 0, 0)7.
Solution. Each iteration requires solving the triangular system
2:E7ll+1 =1- 1,51, CC?+1 = (1 - ‘Ig)/27
P2t =, = {apt = -ty
ittt =1. it =1.
Thus,
1/2 3/8
ot = |1/4|, 2% =|5/16
1 1
O

(c) For each method, compute the 7' matrix such that "1 = Ta™ 4 ¢ and its matrix norm ||T -

Solution. Jacobi:

12 0 0][0 1 0 0 -1/2 0
T=-DYL+U)=-]0 1/2 0| |1 0 o|=|-1/2 0 0
0 0 1/]0 0 0 0 0 0



Thus,
IT o = max 3 |T3 51 = 1/2.
J

Gauf3—Seidel:

2 00 01 0
T=—(L+D)'U=-|1 2 0 00 0
0 0 1 00 0
Computing (L + D)~! via Gaussian elimination:
2001 00 10 0 1/2 0 O
1200710 =010 —1/4 1/2 0
0 01 001 001 O 0 1
Thus,
/20 0|0 1 0 0 -1/2 0
T=—|-1/4 1/2 0| |0 0 o|=1|0 1/4 ©
0 0 1110 0 O 0 0 0
|

Il = max 3T, 51 = 1/2.
J

2. Perform an LU factorization of the matrix
1 01
A=13 1 1
6 1 1
where L is lower-triangular with all 1’s on the diagonal and U is upper-triangular.

Solution. We perform Gaussian elimination on A to obtain U. By tracking each elimination step as a
multiplication by an elementary matrix, we use the elementary matrices to find L.

1 0 1 1 0 1 1 0 1 1 0 1
3010 1801 —2[Blo1 —2|Blo1 —2|=U
6 1 1 6 1 1 01 -5 0 0 -3
The elementary matrices are ) )
1 0 0
E,=1-3 1 0],
|0 0 1]
[1 0 0]
Ec=]10 1 0],
-6 0 1]
(1 0 0]
Es;=10 1 0},
0 -1 1]
so that the sequence of Gaussian elimination steps is equivalent to
EsE>sE A =U.
Thus,
1 0 Oof|1 0 Of|1 0 O 100
L=(EsFE) ' =FE'E;'E; =13 1 0| [0 1L o[ |0 1 0|=1]3 1 0
0 0 1|6 0 1|0 1 1 6 1 1



3. Consider the matrix

4.

A= [1}5 ﬂ ’

where a is a real number.

(a) For which values of a is the matrix singular?

Solution.
detA=1-a/5=0

when a = 5. O

(b) Write the Jacobi iterative method to solve Az = b with the matrix A above and b = [1, 1]7. For

which values of a will the method converge? (Hint: consider the spectral radius p(T') := max{|}| :
A eigenvalue of T} of the T matrix).

Solution. The original hint is insufficient. You cannot use just any matrix norm to determine
completely when the iterative method converges. You must compute the spectral radius of T,
and the method converges iff p(T') < 1. See Theorem 7.19 in the textbook and the surrounding
discussion.

Using our work from a previous problem, the T matrix for the Jacobi method is

T=-DYL+U)= [_10/5 0“] .

Its eigenvalues are computed from solving
det(T — XI) = \? —a/5 = 0.

Thus, A = £+4/a/5, so

p(T) = /Tal/5 < 1
when —5 < a < 5. Thus, when —5 < a < 5, the Jacobi method converges. When |a| > 5, the
Jacobi method diverges. O

(a) Use Gram—Schmidt to construct an orthogonal basis ¢g(z), ¢1(z), ¢2(z), of quadratic polynomials

on [1,2] starting from 1, z, 2.

Solution. Let (f,g) := ff f(z)g(x)dx. Then

¢0($):17
e (z, ¢0) . _x_ffxdx_x_
¢1(z) = (%’%)(ﬁo( ) = T =r-3/2,
_ e @e) o @), o [fete-3de 0 7,
bale) =7 = CREOE) ~ GEe) = - By = 312) /1 J
=% —3x+13/6

O

(b) Use the orthogonal basis constructed above to find the least-squares approximation to f(x) =

$4—$.



Solution. Let p(z) = agdo(x) + a1¢1(x) + azp2(x) be the least-squares approximation to f ex-
pressed in the orthogonal basis. Then, the coefficients a; are chosen to minimize the error

/12 (f(x)—ZaiqSi(x))Q dx:/IQf(x)de—QZai /jf(a:)qbi(x)dx—i—z:a? /12 bi(x)? d.

The equality holds only because the ¢; are orthogonal. Taking partial derivatives of the error
above with respect to the a; and setting to 0, we conclude that the coefficients are

_ Ji f@)guw) dr
ff oi(x)? dx

a;

Thus,
ap = M = 47/10
Ji dx
et~ 2)(z - 3/2) da
o [He—3/2)2de

_ [P (@ — 2) (2% — 3z + 13/6) da

=67/5

a9 3 :96/7
J (? — 324 13/6)% dx
(x)f%ﬁf%er@
P = 3577 35"

I computed everything in this problem exactly using a symbolic calculator, but decimal approxi-
mations for the coefficients are also okay. O

5. Consider the matrix

A:

[awll (VRN (V)
N OO

(a) Find a singular value decomposition A = UXVT.

Solution. The matrix A has dimensions m = 3 by n = 2. Therefore, U is a m x m orthogonal
matrix, ¥ is a m X n matrix with the singular values on the main diagonal, and V is a n x n
orthogonal matrix. We let u; € R™ denote the ith column of U, o; > 0 denote the ith singular
value, and v; € R™ denote the ith column of V.

To find the singular values and V', we consider the n x n matrix

7, |8 0
s,

This has eigenvalues \; = 8, Ay = 4. Therefore, the singular values are o = /8, o9 = 2. The
columns of V' are found via
ATA’UZ' = /\ivi

and normalizing so ||v;]|]2 = 1. Thus,

8'[}1’1 = 8’[]1’1 1
4’1}271 = 8’[)2’1 —— U] = |:0:| s
'U%,l + Ug,l =1
81}1’2 = 4’[]1’2 0
4’1)272 = 4’[)2’2 —— Ug = |: :| .
2 2 1 1
Vig T+ U39 =



To find the matrix U,
1 ,
u; = — Av;, i=1,2

7

and then we find ug that is orthogonal to u; and uy. Thus

L\
Uy = ——= )
V& 1o
1 0
UQ:§ 0 5
2

and ug € R™ is required to be orthogonal to w1, us and have norm 1. We arrive at the following
system for the components of ug:

u1,3 +ug3 =0,
us,3 = 07

2 2 2 _
uygtuzzt+uzs =1

We see that

1/v2
us = —1/\/5]
0

satisfies the conditions. Thus, a SVD of A is

2/vV/8 0 1/vV/27 [v8 0 1 o
A=12/V8 0 —1/V2| |0 2 [0 1].
0 1 0 0 0

Verify your decomposition from the previous part by computing the right-hand side:
A= alulvlT + UquUQT,
where the u;, 0;, v; come from the decomposition.
Solution. The outer-product of a vector v € R™ and v € R” is an m x n matrix uv” with entries
)

(’LLU ij = 'LLZ'U]'.

Therefore, for the vectors u;, v;, and singular values ¢; from the previous part

2/vV8 0 0 0
alulvlTJrJquvg:\/g 2/\/§ 0l +21(0 0| =A.
0 0 0 1

Order the singular values o1 > o5. Compute
A1 = 01U1 1}{

and
[A— A,

||A||2 ‘= v/ Amax

and Apay is the largest eigenvalue of AAT or AT A.

where



Solution. From the previous part,

and

Since, for any matrix A, AAT and AT A have the same eigenvalues, it is convenient to compute

(A— AT (A — A7) = {8 ﬂ .

This has eigenvalues A =0 and A =4, so ||[A — A1]2 = 2. O



