Final Exam Practice Solutions

Jordan Hoffart

1. Consider the following system:

(a)

x? y 1
12 16 107
x2_1
YT Ty

Write the system as a fixed-point problem and show that there is a unique fixed point in the set
D:={(z,y) [0 <z,y <1}

Solution. Let
F(z,y) =

Y
16
2
x
=ts

4
x 1
2tiet 1o
1
5

Then solving the system is equivalent to solving the fixed-point problem
F(z,y) = (z,y).
From Theorem 10.6 in Lecture 17 of the professors notes, if

max |0, F;(x,y)| < 1/2,
s [0,F(@y)| <1/

then there is a unique fixed point in D. Computing for (z,y) € D:

w

T
nFy(z,y) = 5 € [0,1/3],
1
0o F; = —
T
81F2(m7y) = g € [07 1/6]7
82F2(a?,y) = Oa
so the condition is satisfied. This completes the proof. O

Write Newton’s method for this system and perform 1 iteration.

Solution. Let
G(l’,y) = (.T, y) - F(l’,y)

Then, Newton’s method for this system reads

{xnﬂ} _ [f”n] —= VG(2n,yn) ' G(@n, yn).

Yn+1 Yn
Here,
1 0
= 3
z° 1
VF(z,y) = {g 16} .
s 0



Thus, )
[ x 1 B _ zy _ Yn _ 1
Tn+1 _ Tn| 1—# —16 Tn — 15 zﬁ 10|

Starting with o = yg = 0,

i
0 1)ls

[1/10 + 1/80}

1 1/5
_Jo0.1125
102 |”
2. Consider solving
Ax =10
with
4 1
A= L 4

(a) For which values of z will the Jacobi iterative method converge for this problem?

Solution. Decompose A =D + L+ U, where

4 0
D= 0 z|’

0 o]
L= _1 0_ ’

0 1]
U= _0 0_ .

The Jacobi method reads
Dzt + (L +U)a" =b.

This method converges if and only if the spectral radius of the iteration matrix
T:=D YL+U)

is less than 1. Computing:

4 [1/4 0]
b= |0 1/z]
[0 1
L+U= 10
o 1/4]
= 1/z 0 |-
The characteristic polynomial of T is then
1

— — 2_7
det(T —AI) = X* — .

so the eigenvalues of T' are

1
=t+—.
A=E



Thus,

1 1
A=——=<1 = |2|>-.
=5 1> 5
Therefore, the method converges iff |z| > 1/4. O

(b) For which values of z will the Gauss—Seidel iterative method converge for this problem?

Solution. Decompose A = D + L + U, where

4 0
D= 0 z|’

0 o
L= _1 0_ ’

0 1]
U= 0 o .

The Gauss—Seidel method reads
(D + L)z" ™ +Uz™ =b.
This method converges if and only if the spectral radius of the iteration matrix
T:=(D+L)"'U

is less than 1. Computing:

[ 1/4 0
D+ = |14z 1/4’
o 1/4
T=1o —1/(4,2)}‘

The characteristic polynomial of T is then
1

T—\) =
det(T = M) = XA+ -

),

so the eigenvalues of T are

1
A=0, ——.
T 4z
Thus,
[Al 1 <l <<= |z| > !
max [\ = — z| > —.
4)z| 4
Therefore, the method converges iff |z| > 1/4. O

3. Consider the nonlinear system
x4+ 25— 6 =0,

7$1+5L’271:0.

(a) Use the continuation method on this system with initial condition z; = g = 0. Write down the
resulting differential equation.



Solution. Let
F(z):= {

The continuation method considers the function

T+ 25— 6
—x1 +a9 —1|°
G\ z) == AF(z) + (1 = N (F(z) — F(0)).
We suppose that there is a curve xz(\) such that
G z(A) =0
for all A, and we differentiate:
d dx
=—G\z(\) = +G—.
0 d/\G( s x(N) =0\G+V Gd)\
Thus, z()) satisfies the differential equation

dr 1
N (V.G) 05\G

with initial condition 2:(0) = 0. For this problem:
—6

0\G = F(0) = [ }

V.G =VF = {

O

Solve the differential equation from the previous part using the forward Euler method. Compute
2 iterations with 7 = 0.5.

Solution. Fuler’s method for this system and with the given timestep size reads

-1

r (n)
(nt1) _ .(n) L 2% 6
ey g0 1 2]

Starting with z(®) = 0,

S R B

Let f: R — R be a smooth function such that f(p) = 0 and f’(p) # 0. Consider the following
iterative method:

Tt = T )
n

O

+ f(xn)Qf/(xn)

Show that if x( is sufficiently close to p, then x,, — p.

Solution. Let G(z) = z — f(z)/f'(z) + f(z)?2f'(x). Then, using the ideas from the proof of the
convergence of Newton’s method in Lecture 18 of the professors notes, if G'(p) = 0, then there is
0 > 0 such that when |zg — p| < §, the method converges to p. Using the chain rule:

G'() =1—(f'(2)* = f(x) f"(@))/ ' (@) + 2 (2) ' (2)* + f(2)* f" ().
Evaluating at p and using the fact that f(p) = 0, we see G'(p) = 0. This completes the proof. [



(b) Now let f : R? — R? be a smooth function such that f(p) = 0 and Vf(p) € R?*? is invertible.
Let F(x) := (f1(x)?, fa(x)?). Consider the iterative method

20 = 00— (V@) ) + Fa)
Show that if (9 is sufficiently close to p, then (") — p.

Solution. We follow the same procedure as the previous part, but the computations are slightly
more involved. We show that the function

G(z) =z — (Vf(2))" f(z) + F(z)
satisfies VG(p) = 0. This is sufficient to conclude the result. Using the product rule:

VG(z) =1 -V((Vf) (@) f(2) = (Vf(2))"'V () + VF(z)
=-V((VH @) f(2) + VF(z).

From the definition of F,

_ (2fi(x)01fi(x) 2fi1(z)02f1(x)
VE@) = 19ty (@)or fola)  2fa(2)dsfola)|

Thus, since f(p) =0, VF(p) = 0. It then follows that VG(p) = 0, as desired. O
5. Consider the following multi-step scheme:
Wip1 = wif4+3w;—1 /44 hf(ti—1,w;)/2+ hf(ti—1,wi—1)/2.
(a) Verity zero-stability.
Solution. We set f = 0 and consider the related characteristic polynomial

p(z) = 2% — z/4 - 3/4.

1 1 /1 17
— o4y 43=-+L=-3/4 L
r=gtgyti=gtg =4

Thus, since all the roots have magnitude at most 1, the method is zero stable. O

This has roots

(b) Find the condition required for linear stability.
Solution. We set f(t,w) = Aw with A < 0. Collecting terms:
wir1 = (1/4+ hA/2)w; + (3/4 + hA/2)w;_1.
We consider the characteristic polynomial
p(z) = 2% — (1/4+ h)\/2)z — (3/4 + h)/2).

This has roots

z=(1/8 4+ h\/4) + %\/(1/4 +hA/2)2 + (3 + 2h))

Therefore, the condition required for linear stability is that

(1/8 + hA/4) + %\/(1/4 +hA/2)2 + (3 +2h)\)| < 1.



6. Consider the matrix
0

1
-1

A:

— =N

(a) Determine a singular-value decomposition UXVT of A.

Solution. We first compute

ATA:|:Z2+2 0:|

0 2

This has eigenvalues 22 + 2 and 2. A corresponding orthonormal basis of eigenvectors is (1,0)7

and (0,1)7. Therefore,
V2242 0 /10
A R T

Letting v; denote the ith column of V| we compute the first 2 columns of U as

1 1 z
ul——Avl 1 s
o1 2242 |4
0
1 1
Uy = —Avy = 1

The third column of U must be orthogonal to the first 2 and a unit vector. Thus,

zus1 +us2 +uz3 =0,
uz 2 —uz 3 =0,

2 2 2 _
uzq tuz,t+uzgs =1

This is solved by
wT e |
Thus,
z/VZ2+2 0 1/4/1+2%/2
U= |1/V22+2 1/V2  —z/(2y/1+22/2)] .
V22 +2 —1/vV2 —2z/(24/1+ 22/2)

O
(b) Verify that
A= UlulU{ + O'Q’U,Q’Ug.
Solution.
1 z z 0
Ul“l”{: 2;2+227 1 [1 0]: 1 0f,
ZH2 10
1|0 0 0
T
oauvd =vV2—= [ 1[0 1]=|0 1
V2 -1 0 -1
Adding these recovers A as desired. O

(c) Order the singular values oy > o5. Compute A; = ojuiv and ||A — Ayll2, where || B2 is the
square-root of the largest eigenvalue of BT B or BBT.



Solution. A is already computed above, and Ay := A — Ay = oousvd is also already computed
above. Computing

0 0
A2z = [o 2] ’
its largest eigenvalue is A = 2, so || Az|l2 = V2 = 0. O

7. Consider using a fixed-point iteration to solve the following system in [0,1] x [0, 1]:

r —ar® —y/10 = 1/10,
y—2?/12 =1/5.

Compute the Jacobian of the iteration matrix and use it to determine the values of a for which the
fixed-point method converges for any initial data in [0, 1] x [0, 1].

Solution. We let F(x,y) = (az? +y/10 + 1/10, 22/12 + 1/5). Then

VF(,y) = [2%« 1/10} _

z/6 0

The iterative method converges iff the spectral radius of this matrix is less than 1 for all 0 < z,y < 1.
Computing the characteristic polynomial:

det(VF(z,y) — M) = (2ax — A\)(—=)) — /60 = \* — 2az\ — /60 = 0

when
A = ax £ /a?x? + x/60.

The precise set of a for which the method converges is then

{a | max |ax £+/a?2? + z/60| < 1}.

z€0,1]
A less sharp, but practical, sufficient bound can be found by the following inqualities:
laz + \/a22? + /60| < 2|a|z + /2/60 < 2|a| + 1/v/60.
Thus, if we require that
20a] +1/V60 < 1 <= |a| < %(1 — 1/V/60) ~ 0.436,
this is sufficient to guarantee convergence. O

8. Consider a smooth function f(z) such that
f0) =1, f(0) =5, f(2) =32, f'(2) = 80.
(a) Find the Hermite interpolating polynomial to f using the given data and divided differences.
Solution. The general divided differences table is

20 f(z0) flzo.21]  flzo,21,22)  fl20, 21, 22, 23]

(
21 f(Zl) f[21722] f[zl,zz,z?)]
2o f(z2) flz2, 23]
23 f(z3)

where
flzis 2] = (f(25) = f(2:))/ (2 — 2i),
flzis 2, zi] = (fl25, 26) = fl2i, 23]) /(20 — 2i),

flz0, 21, 22, 23] = (f21, 22, 23] — fl20, 21, 22])/ (23 — 20).



In the event that z; = z; when computing f[z;, z;], we replace the entry with f’(z;). The inter-
polating polynomial is then

p(z) = f(20)+ flz0, 21](x — 20) + f[20, 21, 22](x — 20) (x — 21) + f 20, 21, 22, 23] (2 — 20) (x — 21 ) (2 — 22).
For this problem, zg = z;1 = 0, 2o = z3 = 2. Thus, the table fills in as
5 (31/2—5)/2 (80—31+5)/4

0 1

0 1 31/2 (80—31/2)/2

2 80 ’
2

S0
21 54
p(z) =145z + ZxQ + ZxQ(x —2).
O
(b) Estimate f(0.5) using the Hermite interpolating polynomial.
Solution. 011 541
05)=145/24+ —+ —-(1/2—-2)=—-1/4.
p(05) =145/2+ 21+ 22029 =
O
9. Let xg =0, 21 =1, 29 = 3.
(a) Construct the Lagrange basis polynomials using these points.
Solution. The polynomials are of the form
L1($) _ (.’b _ ZL'])(.’E - mk) )
(i — ;) (i — k)
Thus,
r—1)(z—-3
Lofa) = £ 223,
3_
Ly(z) = =l x),
2
z(x—1
L) = 720
O
(b) Find the Lagrange interpolation of
f(z) =2®.
Solution. 3 ) ( 0
x x z(x —
ple) = D feaa) = La(o) + 9 Lalo) = 552 475G
O
(c) Estimate f(2) using the Lagrange interpolant.
Solution.
f(2)~p2) =1+3*=82
O

(d) Find the maximum error between f and its Lagrange interpolant in the interval [0, 3].



Solution. From a theorem in Lecture 3 of the professors notes,
L@
fla) = pla) +  F7(Ealz —1)(z - 3)

for some ¢ € (0,3) and all 2 € (0,3). Since f(x) = 2°, f'(x) = 5a*, f"(x) = 202°, &) (x) = 6022
Thus
1€ = 10 € [0,90].

Let g(z) = x(x —1)(x — 3) = z(2? — 42 + 3) = 2° — 42 + 32. Then ¢/(z) = 32° —8x+3 = 0 when

o= W ~ 2.21525, 0.451416.

Inserting these back into q gives

max |q(z)| = 2.11261 < 2.2
z€10,3]

Thus, the error is bounded as

- <10 2 < 90(2.2) = 198.
) PO <10 25 € gy O < 022



