
MATH 437 Homework 5 (20 points)

1. Consider Ax = b with

A =


7 −1 1 1
3 9 9 1
3 3 15 1
3 3 5 14

 , b =


1
1
1
1

 .

(a) (1 point) Solve this equation using the Jacobi iterative method with tolerance 10−5. Report the
residuals and the number of iterations.

(b) (1 point) Solve this equation using the Gauß–Seidel iterative method with tolerance 10−5. Report
the residuals and the number of iterations.

(c) (1 point) Solve this equation using the SOR iterative method with tolerance 10−5 and ω = 1.0911.
Report the residuals and the number of iterations.

(d) (1 point) Compare the spectral radius of the iteration matrix for these methods.

Hint. We recall that all of the iterative methods are of the form

Exn+1 +Bxn = b,

For Jacobi, E := D, the diagonal of A. For Gauß–Seidel, E := D + L, where L is the strictly
lower-triangular part of A. For SOR, E := ω−1D + L. In all 3 cases, B := A− E.
The iteration matrix is

T := E−1B.

The spectral radius of T is then

ρ(T ) := max{|λ| : λ eigenvalue of T}.

Thus, we find the eigenvalues of T numerically and take the largest in magnitude. For the implemen-
tation, see problem_1.py.
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2. (4 points) Let n > 0, and let A be the n× n tridiagonal matrix with entries −2 on the main diagonal
and 1 on the off-diagonals. Let b be the n-dimensional vector with first and last entry 1 and all other
entries 0. Consider the linear equation

Ax = b.

For n = 10, n = 20, and n = 40, solve this system using the Gauß–Seidel method with tolerance 10−5

and report the number of iterations along with the residual at the last iteration. How does increasing
n affect the number of iterations?

Hint. See problem_2.py.
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3. (3 points) Find the condition number of

A =

0.04 0.01 −0.01
0.2 0.5 −0.2
1 2 4


with respect to the ‖ · ‖∞ norm to at least 6 digits of accuracy.

Hint. The condition number of a matrix A with respect to a matrix norm ‖ · ‖ is

K(A) := ‖A‖‖A−1‖.

For the ‖ · ‖∞ matrix norm,
‖A‖∞ = max

i

∑
j

|Aij |.
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4. (a) (2 points) Compute the `2 and `∞ norms of x := (3,−4, 0, 2).
(b) (1 point) Compute the `∞ norm of the matrix

A :=

1 −1 1
1 3 −1
3 0 1


Hint.

(a)

‖x‖2 =

√∑
i

x2
i ,

‖x‖∞ = max
i

|xi|.

(b)
‖A‖∞ = max

i

∑
j

|Aij |.
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5. (3 points) If the matrix

A =

 1 2 −1
0 1 2
−1 4 3


is nonsingular, compute its inverse using Gauß–Jordan elimination.

Hint. Just proceed with Gauß–Jordan elimination process on the augmented matrix[
A I

]
,

where I is the identity matrix. Here’s an example on a 2× 2 matrix.[
1 2 1 0
4 3 0 1

]
R2−4R1→R2−→

[
1 2 1 0
0 −5 −4 1

]
R2/−5→R2−→

[
1 2 1 0
0 1 4/5 −1/5

]
R1−2R2→R1−→

[
1 0 −3/5 2/5
0 1 4/5 −1/5

]
,

so [
1 2
4 3

]−1

=
1

5

[
−3 2
4 −1

]
.
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6. (a) (1 points) Compute the determinant of the matrix

A =

2 −1 1
3 3 9
3 3 5


(b) (2 points) Factor the above matrix into an LU decomposition with Lii = 1 using Gaussian

elimination.

Hint.

(a) For a general 3× 3 matrix

A =

a11 a12 a13
a21 a22 a23
a31 a32 a33

 ,

the determinant is computed by expanding along any row or column. For example, expanding
along the first row,

det(A) = a11 det

[
a22 a23
a32 a33

]
− a12 det

[
a21 a23
a31 a33

]
+ a13 det

[
a21 a22
a31 a32

]
.

(b) Let Rc,i,j denote the transformation that adds c times row i of a matrix to row j, where i 6= j.
In matrix-form,

Rc,i,j = I + cEj,i,

where I is the identity matrix and Ej,i is the square matrix with all entries 0 except a 1 in the
(j, i) entry. For example, in a 3× 3 matrix,

R2,1,2 =

1 0 0
0 1 0
0 0 1

+ 2

0 0 0
1 0 0
0 0 0

 =

1 0 0
2 1 0
0 0 1

 .

Now, we do Gaussian elimination on A to reduce it to an upper-triangular matrix U . The
reductions we perform will be of the form Rc,i,j . Each reduction corresponds by multiplying on
the left by such an Rc,i,j .
We use row 1 to eliminate the (2, 1) entry and the (3, 1) entry, and then we use row 2 to eliminate
the (3, 2) entry. Thus, we arrive at an equation of the form

Rc3,2,3Rc2,1,3Rc1,1,2A = U,

where U is the upper-triangular matrix we seek. Since A = LU , we conclude that

L = (Rc3,2,3Rc2,1,3Rc1,1,2)
−1

= (Rc1,1,2)
−1(Rc2,1,3)

−1(Rc3,2,3)
−1.

Now, for i 6= j,
(Rc,i,j)

−1 = R−c,i,j ,

which corresponds to subtracting c times row i from row j. Therefore,

L = R−c1,1,2R−c2,1,3R−c3,2,3.

Reading from right to left, this says subtract c3 of row 2 from row 3, then subtract c2 of row
1 from row 3, and then subtract c1 of row 1 from row 2. Applying these steps to the identity
matrix, we end with

L =

 1 0 0
−c1 1 0
−c2 −c3 1

 ,

which, with U above, finishes the problem.
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