MATH 437 Homework 7 (20 points)

1. Consider the system
x? — 23 =0,

2343 —16=0.

(a) (2 points) Write down Newton’s method for this system.
(b) (2 points) Compute 7 iterations of Newton’s method for this system, starting with the initial

condition 1 = x2 = 1. Report the iterations in a table with columns n, mgn), xg"), where mgn) is

the value of x; at the nth iteration and n =0,...,7.

(a) Hint. Define a function F : R? — R? where F(x) is related to the given system. Then, compute

the Jacobian matrix
VF(J})Z‘J‘ = ajFl(l‘)

Newton’s method is then
z ) = () _ gL (@™),

Note: the original system in the homework posted by the professor cannot be solved with Newton’s
method, because the Jacobian of F' becomes singular at the root for that system. Thus, I modified
the problem to be solveable. O

(b) Hint. See problem_1b.py. O
2. (4 points) Consider the minimization problem

min_{(z1 +z2 —4)* + (27 + 23 — 8)*}.
z1,r2€R

Write the gradient descent method for this problem and compute 2 iterations starting with initial guess
Xr1 = T = 1.

Hint. Define a function g : R> — R where g(z) is related to the minimization problem. Then, compute
its gradient
Vg(x); == 0;9(x).

The gradient descent method involves computing an optimal step size 0 < a,, < 1 such that

(n)
xmﬂy:ﬂm_awjg%lf
llg(z(™)) |2

so that g(z("*Y) < g(z(™). Explain how to find a,, by minimizing a related quadratic polynomial.
For the implementation, see problem_2.py. O

3. (4 points) Find a singular-value decomposition A = UXVT for the matrix

2 1
A=1(1 0
0 2



Hint. Recall that U is a m x m orthogonal matrix, X is a m X n matrix with the singular values on
the main diagonal, and V is a n X n orthogonal matrix. Find the singular values and the columns of
V by first finding the eigenvalues and eigenvectors of AT A. Use the columns of V to find the first n
columns of U, and then extend to an orthonormal basis of R™ to find the remaining columns of U. [

4. Let M > N. Given N vectors ay,...,axy € RM we form the M x N matrix A := [a;---ay]. Let
o1 > -+ > oy > 0 denote the singular values of A, and let uy,...,uy € RM be the columns of U in a
singular-value decomposition A = UXV”, where u; corresponds to o; and o; is the ith diagonal entry
of ¥. It is known that wuy is a minimizer for

N
min >~ fla; — (a5, u)oull3,
ueRM 1
llullg=177=
where
M
(v,w)g 1= Zviwi
i=1
and

M
lwll3 = w?.
i=1

We investigate this via a computational example.

(a) (2 points) Let M = 80 and N = 20. Construct a M x N matrix A with random entries. Perform
a singular-value decomposition of A to find the unit eigenvector u; corresponding to the largest
singular value.

(b) (1 point) Compute the projection error

N
Err := Z lla; — (aj,u1)ousl3
j=1

and the relative projection error
- Err

T <N 2
Zj:l lla;1I3

(c) (1 point) Construct a random unit vector u € RM and compute the projection
N
> llaj — (aj, u)aul3-
j=1

Hint. See problem_4.py. O

5. Given f,g: R? — R, consider the system

and the non-standard fixed-point iteration

Tpt+1 = f(xnvyn),
Ynt+1 = 9(Tn+1,Yn)-

(a) (2 points) Determine the convergence criteria for this method.



(b)

(2 points) Let f(x,y) = 2y and g(x,y) = (z — y)/2. Find the matrices T} and T such that the
non-standard fixed point iteration in matrix form is

|:1'n+1:| — Tl |:xn:| ,
Yn+1 Yn
and the standard fixed-point iteration in matrix form is

Tpt1 = f(Tn,Yn), . |:.’L'n+1} -7 {xn} .
Yn+1 = g(scn, yn) Yn+1 Yn

Find the spectral radius of the matrices 77 and T5. Based on this, which method, if any, converges?

Hint. Let x,,41,yny1 be obtained from the method above, and let x,y be the solution to

= f(z,y),
y = g(z,y).

Assume that f and g are smooth functions. To determine a convergence criteria, we look at the
error in each component

T+l — T = f(ﬂimyn) - f($7y)a
Ynt1 =Y = 9(Tnt1,Yn) — 9(x,y).

By using Taylor’s theorem on each equation, obtain an equation in matrix-vector form:

Tpi1 — X Ty —
= T nsy b
[ynﬂ — y} 1(&ns 1) L/n - y]

where T1(&,,,7,) is a 2 X 2 matrix whose entries are composed of partial derivatives of f and g at
some points &, and 7,, that come from Taylor’s theorem. The method converges if and only if the
spectral radius of this matrix is strictly less than 1. O

Hint. You already computed the matrix 77 in the previous step. Just substitute for f and g
and find its largest eigenvalue in magnitude. The matrix 75 is just the Jacobian of the function
F(z,y) = (f(z,y),9(z,y)). The class notes discuss this in more detail. O



