MATH 437 Homework 7 (20 points)

1. Consider the system

(a)
(b)

(a)

x? — 23 =0,

2343 —16=0.

(2 points) Write down Newton’s method for this system.
(2 points) Compute 7 iterations of Newton’s method for this system, starting with the initial
condition x; = x5 = 1. Report the iterations in a table with columns n, 1:1"), zg"), where xl(") is
the value of z; at the nth iteration and n =0,...,7.
Solution. Let F(x) := (z? — 22, 23 + 23 — 16)T. Then,
2.231 —2.2?2 -1 1 3.23% 21‘2
F(x) = F =
\Y% (Z') |:3x% 3 % ] = V ($) 6$1I2(1‘2 + Il) —SI% 2x1
_ 1 3x3(22 — 23) + 229(23 + 23 — 16)
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Newton’s method: start with an initial guess (9) and compute
(n+1) _ l‘ VF( n))—lF(x(n))
=
(1) _ o0 3s)2(@")? = (@57)?) + 2wa((@f™)? + (25")? — 16)
1T 6 () () o ’
Ty Ty (Ty ) + 2y )
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(@} )
O
Solution. See problem_1b.py.
0 [1 1]
1 [3.33333333 3.33333333]
2 [2.46222222 2.46222222]
3 [2.08134125 2.08134125]
4 [2.0031375 2.0031375]
5 [2.00000491 2.00000491]
6 [2. 2.]
7 [2. 2.]
O

2. (4 points) Consider the minimization problem

min {x1+x2—4)2+(m%+x§—8)2}.

r1,x2E€R

Write the gradient descent method for this problem and compute 2 iterations starting with initial guess
X1 = T = 1.



Solution. Let g(x) := (w1 + 9 — 4)? + (22 + 23 — 8)2. Then

2(x1 + x2 — 4) + 2(22 + 23 — 8)(221)

Vy(z) = 2(x1 + 22 — 4) + 2(2? + 23 — 8)(222)

Starting with an initial guess 2(?), at the nth stage, we first find the quadratic interpolant p(a) to the
function
h(@) = g(z™ — aVg(z™)/[Vg(z™)]2)

using 3 points a; = 0 < ap = a3/2 < az, where h(az) < g(z™). Then, we find the minimizer a,, of p
and set ("t .=z —q, Vg(2(™)/||Vg(2™)||2. See problem_2.py for an implementation.

0 [1 1]

1 [2.85363005 2.85363005]
2 [2.0959484 2.0959484]

. (4 points) Find a singular-value decomposition A = UXVT for the matrix
2 1

A=11 0
0 2

Solution. We first find the eigenvalues and eigenvectors for

T, |9 2
wafy ]

The eigenvalues are A = 7, 3, so the singular values are o; = /7, 02 = /3. An orthonormal system
of eigenvectors corresponding to these eigenvalues is

ol o)

These form the columns of V. The first 2 columns of U are computed as

I A L[
ulz—Avlz 1/\/ﬁ 5 UJQ:iA’UQZ 1/\/6
g1 2/\/ﬂ g9 *2/\/6

By requiring w1, us, u3 forms an orthonormal system, one arrives at the system
U - uz = 0 = 3’LL3’1 =+ Uus,2 =+ 2U3’3 = 0,
us-uz =0 = ug 1 +ugz2 — 2’&3,3 =0,

2 2 2
ug-uz =1 = uz; tuzo+ugs=1

Thus,
uz 2 = —2ug 1,
1
Uu33 = 5 U1,
2 2 2 2 21 , 2
uz; tuzstuzz=(1+4+1/4)u3; = 2 U1 = 1 = ugy = :I:ﬁ.



Thus, one possible decomposition is

3/V14  1/vV/6  —2/v/21 V7
U= [1/V14 1/v/6  4/V21 |, Y=

o vl v=[E
2/V/14  —2/v6  1/3/21 0 0

1/V2 —1/V2]°
O

. Let M > N. Given N vectors ay,...,axy € RM we form the M x N matrix A := [a;---ay]. Let
01 > -+ > oy > 0 denote the singular values of A, and let uy,...,uy € RM be the columns of U in a
singular-value decomposition A = UXV”, where u; corresponds to o; and o; is the ith diagonal entry
of ¥. It is known that uy is a minimizer for

mln ZH% (aj,u )23,

fla= )it
where
M
(v, whg = E ViW;
i=1
and

M
w3 = w?.
i=1

We investigate this via a computational example.

(a) (2 points) Let M =80 and N = 20. Construct a M x N matrix A with random entries. Perform
a singular-value decomposition of A to find the unit eigenvector u; corresponding to the largest
singular value.

(b) (1 point) Compute the projection error

Err := Z llaj — (aj,u1)au|3

and the relative projection error
. Err

T <N 2
Zj:l lla;1I3

(¢) (1 point) Construct a random unit vector u € RM and compute the projection

Z lla; — (a;,u u)oul3.

Solution. See problem_4.py.

4a

s_1 = 20.064012032637624
s_2 = 3.7252185361056673
A = USVt 7 True

Err = 124.97881276589577
= 0.23690717152965735



4c
projection = 192.97761910087667
projection >= Err ? True

. Given f,g:R? — R, consider the system

and the non-standard fixed-point iteration

Tnyl = f(xnvyn)»
Yn+1 = 9(Tnt1,Yn)-

(a) (2 points) Determine the convergence criteria for this method.

(b) (2 points) Let f(x,y) = 2y and g(x,y) = (z — y)/2. Find the matrices 77 and T3 such that the
non-standard fixed point iteration in matrix form is

|::En+1:| _ Tl |:$n:| ’
Yn+1 Yn
and the standard fixed-point iteration in matrix form is

Tn+l = f(x?“nyn)v — |:$n+1:| _ T‘2 |:zn:| )
Ynt1 = 9(Zn, Yn)- Yn+1 Yn

Find the spectral radius of the matrices 77 and T5. Based on this, which method, if any, converges?

(a) Solution. Assuming f and g are smooth, there are £, € R such that

Tp41 — T = f(xmyn) - f(x,y)
= 0o f(§,m) (@ — ) + 0y f(§, 1) (Yn — Y),
Ynt1 — Y = 9(Tnt1,Yn) — 9(x,Y)
= 0:9(§, M) (Tn+1 — ) + 0yg(§; M) (Yn — v)
= 0:9(§,m) 0z f(§;m)(@n — ) + 0y F (&) (Y — Y)) + Oyg (&) (Yn — Y)
= 0:9(§,m) 02 f (&) (wr — 2) + (029(§,m)0y [ (&,1) + Oyg(§,1)) (Yn — Y)-

In matrix form:

|:-rn+1 - x} _ [ 9w f(&,m) Ay f(&,m) ] [ﬂcn - ﬂc} .
Ynt1 =y [0:9(&m)0:f(§m)  Oug(§m)Oyf(§,m) + Oyg(&m)| [yn — ¥
Call this matrix T1(£,n). Then, the iterative method converges if supg , |71(£,7)|| < 1 for some

matrix norm. More precisely, the iterative method converges if and only if sup, , p(T1(§,7)) < 1,
where p is the spectral radius. O

(b) Solution. One could substitute for f and g and solve the linear systems to find 77 and T5. Alter-
natively, since f and g are linear in x and y, the matrix 77 is exactly what we computed in the
previous part using the partial derivatives of f and g, and, from the class notes, the matrix T5 is

0.1 ayf} |

L= |:6xg ayg



Substituting for f and g:
0 2
h= {0 1/2} ’

= {1(/)2 —12/2} '

The eigenvalues of T3 are
A=0, 1/2,

so p(T1) = 1/2, and thus the non-standard iterative method converges. On the other hand, the

eigenvalues of Ty are
N TL2EVI/AE A 1V
B 2 B 4

One of these roots is larger than 1 in absolute value, so p(T2) > 1, and thus the standard iterative
method does not converge. O




