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1 Finite difference schemes for the Poisson
equation in 2D

1.1 The problem

Let © be an open and bounded domain in R? with boundary 9. Let f : Q — R
and g : I' = 99 — R be given functions. Our goal is to find a function u : 2 — R
such that

—Au = fin Q, (1a)
u=gonl =0Q. (1b)
This problem is known as the boundary value problem for Poisson’s equation.

We will not try to solve this problem analytically, but instead we will construct a
related discretized problem that can be solved with some simple linear algebra.



This discrete problem will give us an approximate solution uj; to the exact
solution u of the problem above.

1.2 Deriving a finite difference method
The key to discretizing (1) is to replace the Laplacian differential operator
A=02+0;
with a suitable related difference operator Ay such that
Ah ~A

in a suitable sense. We will also need to replace 2 and I' by approximate
discretized versions ), C Q and I', C I'. The resulting discrete problem will
then be to find uy, : Q5 — R such that
—Ahuh == f in Qh, (2&)
up =g on I'y. (2Db)
This is known as the finite difference method.

To construct the discrete problem, we choose a mesh size h = 1/N, where
N is a positive integer. Consider the set of grid points in R? with spacing h

RZ = {(mh,nh) : m,n € Z}.

For a node x = (mh,nh) € R, its nearest neighbors are the nodes ((m=1)h,nh),
(mh, (n £ 1)h), and ((m £ 1)h, (n £ 1)h). We consider the set of interior grid
points

Qp = R}QL nao

as well as the set of boundary grid points
[, = {x € RZ\ Q: 2 has a nearest neighbor in Q}.

For example, when 2 = (0, 1)? the unit square, the picture below shows us what
Q;, and I'y, look like.
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Remark 1. By constructing 2, as above, we are guaranteed that Qp C Q.
However, depending on the geometry of I', I';, need not be a subset of I'. In
what follows, we will assume that T is sufficiently nice such that T'y, C T' (as is
the case for the unit square). We will later cover curved boundaries and show
how to modify our construction to handle this more general case.

To construct Ay, we take a smooth function w at an interior node (x,y) € Qp
and perform a Taylor expansion in 2D around its neighbors (x &+ h,y) and
(z,y £ h):

2
u(e & h,y) = ue,y) £ hosule,y) + o2l y) (30)

hg 3 h4 4 5
+ 5 Ozulz,y) + 57 0,u(z,y) + O(h?)

h2
u(z,y £ h) = u(z,y) £ hdyu(z,y) + 53§U(5€, Y) (3b)

h3 3 h4 4 5

Adding these 4 equations together gives us
u(x £ h,y) +u(z,y £ h)
h4
= du(z,y) + h*Au(z, y) + ﬁ(f)ﬁ + 0, u(z,y) + O(h).
Rearranging gives us

u(z £ h,y) +u(z,y £ h) —4du(z,y)
2

2
= Au(z,y) + %(a;* + 0, )u(z,y) + O(h%).  (4)

This says that if we call the quantity on the left Apu(z,y), then for smooth
functions u, A, approximates A up to a remainder term of size h2.
Observe that the definition

+h +h)—4
Ahuh((p’y) = Uh(fl,' 7y) + uh(z;y ) uh(x,y) (5)

makes sense for functions uy : ), — R defined only at the grid nodes (x,y) € Q.
The operator Ay, as defined in (5) is known as the 5 point approzimation to the

Laplacian A. We will denote this particular approximation by AS).

1.3 Approximation properties, stencils, and higher order
methods

We now summarize the work we did above to show that A;f) is a good approx-

imation to A.



Theorem 2. If u € C*(Q2), then
h2
max || A} u — Aul| < 7 max{[|9u]lc, [9ullc} + O(h?)
x h

where
[v][oo = max |v(z)|.
€S

Proof. Starting with a smooth function u as above and a point (z,y) € Qp, we
do Taylor expansions around the neighboring nodes (z &+ h,y) and (z,y %+ h) up
to the 4th derivatives. Adding them together and rearranging gives us (4) as
we have shown above. Subtracting Au(z,y) and taking absolute values of (4),
using the triangle inequality, and using the fact that

|a] +[b] < 2max{|al, [b[}

for any numbers a and b gives us
(8) h? s 4 3
Ay u(z,y) — Aulz,y)| < 5 (1zule, y)l + |9,u(z,y)]) + O(R7)

h2
< E(||3§u|\oo + [0y ull0) + O(R?)
h2
<5 max{[|0zul . [|8yull o} + O(R?).
Since this holds for all (z,y) € Q), we are done. O

Remark 3. The approximation AS’) is also called the 5 point stencil. It can be
graphically represented by the following stencil.

1
(m,n+1)

(m—1,n) (m,n) (m+1,n)

(m,n—1)

Or, in a more compact matrix form:



Remark 4. There are other higher order approximations to A out there. For
instance, the 9 point stencil

A;lg)u(x, y) = ! (—u(z £ 2h,y) + 16u(x £ h,y) — u(z,y £ 2h)

- 12m2
+ 16u(z,y £ h) — 60u(z,y))
with stencil

-1

1 16

-1 16 —-60 16 -1
2 )
12h 16
-1

or the compact 9 point stencil

— 1
B u(w,y) = s (Gu(o £ hyy) + dule,y ) + ule by = h) = 200(,))

whose stencil is

L1 o4
— |4 —20 4
2

6h*\1 4 1

together with a modified right hand side
h2
Inley) = fla,) + ZA f(2.y).

1.4 Linear algebra

From the non-discretized problem (1), we arrive at the discrete problem (2)
whose equations hold at each of the discrete nodes (x,y) with Ay being the 5
point stencil (5). We will now discuss how to view these discrete equations as a
matrix-vector system that can be solved with basic linear algebra techniques.

Let x; = th and y; = jh for i,j € Z. Let I} be the set of all interior indices
(i,7) € Z? such that (v;,y;) € Qu, and let I be the set of all boundary indices
(t,7) such that (z;,y;) € Tp. If we let u;; = up(xs,v;), fij = f(xi,y;), and
gij = 9(x4,y;), we can rewrite (2) as

Uit1,5 + Ui j+1 — 4’U,ij = hzfij for all (Z,]) S I;;
Ui5 = Gij for all (Z,j) S I;?
Now we choose some global enumeration of the indices
(i,5) € IpUI — k =k(i,5) € {0,1,...,|[Ip UIJ| — 1} = M,

to rewrite the equations above as

Up(it1,5) + Ui g1y — Qg ) = B frg) for all k(i, ) € My, with (i, ) € I,
up = g for all k = k(i,§) € M, with (i,j) € I?



These can be written in matrix-vector form as
AU =F

with U = (ug)ren, be the vector of unknowns, A being the coefficient matrix
coming from the left side of the equations, and F' being composed of values
h2 fi, gr coming from the right side of the equations. The exact form of A, U,
and F' depends on the enumeration (i, j) — k as well as the domain 2. We give
an explicit example below.

Example 5. Take = (0,1)? the unit square with h = 1/N. Then 2, consists
of all nodes (z;,y;) with 1 <i,j < N—1. Thus, I} = {1,..., N—1}2. Similarly,
['j, consists of all nodes of the form (0, y;), (1, ), (x;,0), or (x;,1) for 0 <i < N.
Thus, I{ consists of all indices of the form (0,1), (N,i), (4,0), or (i, N) with
0 <i < N. Therefore,

LuI? ={o,...,N}%

A natural global enumeration of the indices is to enumerate them by lexico-
graphic ordering, which is defined by declaring indices (ig, jo) < (i1,71) if ig < i1
or 39 = 41 and jo < j1. This global enumeration has the following formula:

k(i,j) = (N +1)j +i

and is depicted below for N = 4:
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Then the discrete equations with this global enumeration can be written as

U(N+1)j+itl T UW(N+1)(j£1)+i
—duNy1)j4i = h2f(N+])j+i forall1<i,7<N-—1
U(N4+1)j+i = J(N+1)j+i for all
(i,7) € {0,...,N}*\ {1,...,N —1}?



Explicitly, for NV = 4, these equations are

Up = 9o
Uy = g1
U2 = g2
Uz = g3
Ug = g4
Us = gs

uy +us — dug + ug +uiy = h2fg
ug + ug — 4duy + ug + uyp = h? fr
us + ur — dug + ug + u1z = h’ fg
U9 = g9
U10 = g10
ug + u1o — 4ury + u12 + uie = h2f11
ur +uiy — 4w + uis +uir = h2 fio
ug + u12 — 4uss + u1g + urs = h’ fiz
U4 = g14
U1s = g15
U1 + ugs — dug + urr + uz = b’ fig
s + urg — 4y + us + uge = h* fig

2
w13 + u17 — 4uig + urg + u2z = h” fig

u19 = 919
U20 = 920
U21 = g21
U22 = g22
U23 = g23
U24 = G24



In matrix-vector form:

1

U:(uoul

1
1
1 —4
1
1
U24)T




1.5 Discrete maximum principle

The 5 point stencil A;LS) satisfies the following discrete maximum principle,
which is a discrete analogue of a similar result for A.

Theorem 6. Let vy, : Q) — R satisfy Agbs)vh >0 on Q. Then

<
gy @) < pggr o)

and equality holds iff vy, is constant.

Proof. We will first show that

> - i tant.
max vp(z) > max vp(x) vy, is constan

Suppose that

>
g o) 2 @)

so that

max vp,(z) = max v, (z).
rem €N,



Let 2y € Q5 be a node where

vp(x0) = nézSszvh(a:).
z€Q),

Let x1, 9, 23, and x4 be the 4 nearest neighbors of zy. Then

0 < APy, (20)
1 4
=3 (Z vp(x) — 4vh(a:0)> .
i=1
This implies that
4
dvp(x0) < th(xi).

i=1

Therefore, since each vy, (z;) < v (o),

4

Z vp () < dvp(xo)

i=1
4
= PACH)
=1

so that actually

A~ =

max vy (z) = vp(xg) =
zEQy,

4
th(:ri).
i=1

This says that vy (xg) is the average of its values at the neighboring nodes.
However, since vy, (o) is the maximum value, this is only possible if

vp(w0) = vh(w1) = vi(z2) = vr(T3) = Vi (24),

so that all 5 nodes xg, x1, X2, T3, and x4 give the maximum. We can iterate this
argument through the finitely many nodes in our mesh to conclude that vy, is
constant on the mesh nodes.

Thus,

max vp(x) > maxvp(z) = vy, is constant,
reQy, zel'y

which is a contradiction, so it must be the case that

< .
g o) = @)

Also, from our observation above,

= = i stant.
max vp () max vp(x) vp, 18 constan

10



Remark 7. The previous theorem also holds for other stencils A} that are

1. diagonally dominant: the sum of the absolute values of the off-diagonal
elements is less than the absolute value of the diagonal element

2. definite type: the diagonal element is negative while the off-diagonal ele-
ments are positive

1.6 Well-posedness and convergence

Theorem 8. The discrete problem

APy, = f inQ,
up =g on 'y

has a unique solution uy, : Q) — R. Furthermore,

1
< - .
max fup, (z)] < g max | f(@)] + max|g()]

Proof. The discrete problem is a square system of linear equations in the un-
knowns uy,(x) where x € ), UT';, = Q4. Therefore, it suffices to show that if uy,
satisfies the homogenous problem with f = g = 0, then u; = 0. Indeed, if uy,
satisfies the homogenous problem, then we have that

A;LE’)uh =0
on Q. Then the maximum principle implies that

max up(z) < 0.
z€Q

Similarly, we also have that
5
A;z )(7uh) = 0,
so we once again apply the maximum principle to conclude that

max (—up(z)) < 0.
z€EQy

Therefore, for any = € Qy,

fun ()] = up(xz) it 0> —up(x)
—up(z) i 0> up(z)

In either case,

lup(2)] < max{max up(z), max <0,
TEQ, 2EQR (—up(z))

11



so that
up = 0.

This proves existence and uniqueness to the non-homogenous problem as de-
sired.
Now for the inequality, we first observe that if p is a polynomial in 2 variables
of degree 2, then
5
A;L ) p = Ap.

With this in mind, we let

(x—1/2)"+ (y — 1/2)°
. :

p(z,y) =
Then
1.0<p<1/8
2. Agf’)p =Ap=1.

Let
wh(‘x’ y) = p(mvy)”fHOO

for all (z,y) € Q. Then from our properties on p, we have that Af)wh = | flloo
and 0 < wy, < §|f]loc on Q. It follows from this and our existence/uniqueness
result that

AP (up +wp) = f+ [ flloo 20

and .
AP (—up, +wp) = —f + || flloe = 0

on 2. The maximum principle then says that

+uy,) < +
xné?f,f( up) _grﬁre%)i( up + wp)

< +
< gg&f( up + wp)

< max |up(z)| + max wp, ()
z€ly z€ly
1
< Nolloorx + 211l

This implies the inequality that we want to show. O

Theorem 9. Let u € C*(Q) be the solution to the continuous problem (1) and
let up, be the solution to the discrete problem (2) with the 5 point stencil. Then

! e

lu—unlloomy < gllAu = APl 0, < S max{]|dfull s, [9jull} + OC).

12



Proof. Let e, = u — uy, on Q. Then e, = 0 on I'y, and

Af)eh = A;f)u — Af)uh

= Agf)u +f
= AS’)U — Au

on 5. Thus ej, satisfies the assumptions of the previous theorem with the right
hand side f replaced by Af’)u — Auwu and g replaced by 0. Hence,

NG
lenlloo gy < AN — Auflaci,
This proves the first inequality. The last inequality follows from Theorem 2. [

1.7 Curved boundaries

Our analysis so far works for the assumption that we can place our mesh nodes
exactly on the boundary I' so that I', C T NRZ. What if this is not possible,
as is often the case when dealing with curved boundaries? We draw a picture
below as an example.

vededne T\ o\ v
i U & By

° ¢ F\/\ Pl (‘ - ‘Ioi\'\/\‘s
on [tk juisonr
Y 3V<J (2%

DS ﬂi c N\, -
i renibv b“‘u goinrs
W I e

IS of SL

as in the picture above, we define the following sets:

1. T, C T as the set of points on I' that intersect the grid axes. That is,
xz € I'y iff z € T and there is y € Qj, such that z lies on the straight
line connecting y to one of its immediate neighbors. Observe in this case
that I'j, is not necessarily a subset of Ri, so that points in 'y, are not
necessarily grid nodes.

13



2. Qg C (2, the set of all interior nodes with at least one immediate neighbor
lying outside of €.

3. Q7 C Qy, the set of all interior nodes whose immediate neighbors lie inside
of Q.

For interior nodes in €2}, nothing needs to change from our usual finite difference
discretization above. However, since points in Qg have neighboring nodes that
do not lie in either €;, or I', we need to do something different. We have a few
options.

1. (Constant approximation). For each x € 927 we can impose the condition
that up(z) = g(2.), where . € I'y, lies on (one of) the lines connecting
to one of its neighbors outside of €.

2. (Linear approximation). For each x € Qf, we can require that uy(z) is
the linear interpolation of uy(xg) and g(x,), where x, is as above and xg
is the opposite neighbor that lies in €);. Explicity, if the distance from z
to xz, is ah with 0 < a < 1, then we have that

up(z) = up(zo) + ——— (un(wo) + ag(w.)).

h + ah :1+a

3. (Shortley-Weller approximation). For each = € Qg, we modify the 5 point
stencil to include the boundary points when needed. For example,

"‘l

we use the modified 5 point stencil at the node xy in the picture above:

2 1 1
SW _
AP up(xg) = W2 (a(l +a)uh(x1) + 1 +a’LLh(1'2)

1 1 1 1
+WU}L(I3) + muh(xg) — <a —+ B) Uh(I0)>

14



Theorem 10. For the 5 point stencil with boundary approximation, we get

) O(h)  constant
lu—unll oo o < ﬂd(Q)QCh2 + < O(h?)  linear
O(h3)  Shortley-Weller

where d(2) is the diameter of the domain Q and C' is a constant that does not
depend on h.

2 The Ritz-Galerkin Method

We start with the (modified) Poisson equation: Find u :  C R? — R such that

—Au+y(x)u = f(z) in Q, (6a)
u(z) =0 on I' = 00. (6b)

We assume that v(z) > 0 and f(z) are given functions. To derive the Ritz-
Galerkin method, we multiply our PDE by a smooth function ¢ : £ — R that
is 0 on the boundary and integrate over €:

—/@Audx—l—/’ygoudx:/(pfdx
Q Q Q

We recall the following product rule from calculus:

V- (pVu) = Z@'(W%U)
= Z(aiw)(aiu) + pdiu

= (Vo) - (Vu) + pAu.
Rearranging gives us
—pAu = (Vo) - (Vu) = V- (¢pVu).

Then if we integrate over € and use the divergence theorem, we get the following
integration-by-parts formula:

—/ngAudx:/Q(Vgo)-(Vu)dw—/FgoVu~nds.

Using this formula above along with the fact that ¢ = 0 on I' gives us

/ (Vo) - (Vu) + ypuda = / of du (7)
Q Q

What we have shown is that if we have a smooth solution u to the strong problem
(6), then u solves the weak problem: find u :  — R such that (7) holds for all
smooth functions ¢ : € — R that are 0 on I'. Such functions ¢ are called test
functions.

15



2.1 Sobolev Spaces

We call (6) the strong problem because, in order for the equations to be well-
defined, we need u to be at least twice differentiable in €2 and to be zero on the
boundary. However, the equation in the weak problem (7) is well-defined for
a much larger, less regular class of functions that u can belong to. We define
this class of functions below. The functions spaces we define are part of a broad
class of spaces called Sobolev spaces, named after the Russian mathematician
Sergei Sobolev who first studied them in the mid 1900’s.

Definition 11 (L?(£2)). We let L?(2) be the space of all functions ¢ : Q@ — R
that are square integrable. That is, all ¢ such that ¢? is integrable and

/ o dr < oco.
Q

Remark 12. For the more advanced student, the notion of integration in the
previous definition is with respect to the Lebesgue measure on R?. For the
student that has not seen this before, it is safe to think of this as the more
familiar Riemann integration without being too far wrong.

Remark 13. Also, for the advanced student that has encountered LP spaces
before, we remember that LP(Q) is actually the collection of all equivalence
classes of p-integrable functions under the equivalence of being equal almost
everywhere. The novice student can forget this without any harm.

Before we list some of the main properties of L?(Q2), we recall some basic
facts and definitions from linear algebra and functional analysis:

Definition 14. An inner product on a vector space Visamap (+,-) : VxV = R
that is

1. (Linear on the left) (af +g,h) = a(f,h) 4+ (g,h) for all a € R, f,g € V.
2. (Symmetric) (f.g) = (g, f) for all f.g € V.
3. (Positive definite) (f, f) > 0if f € V and f # 0.

A vector space V paired with an inner product defined on it is called an inner
product space.

Definition 15. A norm on an vector space V is amap || - || : V — [0, 00) that
1. (is homogeneous) |af|| = |e|||f]| for all « € R and all f € V.
2. (is positive definite) || f|| > 0if f € V and f #0
3. (satisfies the triangle inequality) || f + g[| < || f| + ||lg]| for all f,g € V.

A vector space V paired with a norm on it is called a normed vector space.

16



Proposition 16. If (-,-) is an inner product on a vector space V', then the map

1= /(£ f)

is a norm on V, called the induced norm.

Definition 17. A sequence (f,) in a normed vector space V' converges to f € V
if the sequence || f, — f|| = 0 in R.

Definition 18. A sequence (f,,) in a normed vector space V' is Cauchy if, for all
€ > 0, there is N > 0 such that when m,n > N, ||fm — full < . Heuristically,
a sequence is Cauchy if its tails get arbitrarily close to one another.

Remark 19. In a normed space V, there may be Cauchy sequences that do not
converge to anything in V.

Definition 20. A normed vector space V is complete if every Cauchy sequence
in V converges in V. A complete normed vector space is also known as a Banach
space.

Definition 21. An inner product space that is complete under its induced norm
is known as a Hilbert space.

Now we state the main property of L?(Q) that we need.

Proposition 22. The space L*(S2) is a Hilbert space under the inner product

(f,9) L2 :/Qfgd%

We also need a couple more spaces that are based on the L?(f2) space. The
first one is the space H'(f2), defined as follows.

Definition 23. The space H!(Q) is the space of all functions ¢ € L?(Q) such
that Vi € L2(Q)? as well.

Remark 24. A function ¢ € L%() need not be differentiable in the usual sense,
but there is an extension of the usual derivative called a distributional derivative,
which is always defined for a function in L?(£2). We denote it by the same symbol
Vi that we also use for the classical derivative. In general, the distributional
derivative is a much more exotic object than a function defined from Q to R?,
but when Vo € L2(Q)?, then we say that ¢ € H'(Q2). In this case, we say
that Vo is the weak derivative of . We will not go into too much detail with
distributional derivatives, and the novice student can get by on a first reading
with thinking of the weak derivative as the usual derivative (with a few minor
caveats that will be covered later).

Proposition 25. H' () is a strict subset of L*(Q2), and H*(£2) is not complete
with respect to the L? norm. However, H*(Q) is complete with respect to the
norm induced from the inner product

(f,9) @) = ([9) 2@ + (V,Vg) L2y

17



Remark 26. The map
(f,9) € H'()? = (Vf,Vg)r2(0)

is nmot an inner product on H'(Q). It satisfies every property except being
positive-definite. Such maps are called semi-inner products. The induced map

|fl) ==/ (VF, V)2

is not a norm on H'(f2). Once again, it satisfies every property except being
positive definite. Such maps are called seminorms.

The next space we need is the space H}(2), which incorporates boundary
conditions.

Definition 27. The space H{ () is the space of all functions ¢ € H'(Q) such
that o =0 on T

Remark 28. For the advanced student that knows some measure theory, since
H(Q) C L*(Q), a member ¢ of H!(1) is really an equivalence class of functions
that have been identified under almost everywhere equality. Furthermore, since
I' is the boundary of an open subset of R?, it is of measure 0. Thus we can
redefine any function ¢ € H*(2) on I' without changing its equivalence class.
Thus, the statement ¢ = 0 on I' is not well-defined.

There is a way to make this notion more rigorous by introducing the concept
of trace operators that correspond functions defined ¢ on 2 with functions v
defined on T" such that ¢ can be thought of as the function ¢ restricted to I'.
However, this is beyond the scope of these notes, and the novice student should
just think of functions in H'() as having well-defined values on I' without
worrying too much about what’s really going on.

Definition 29. Let || -||; and || - ||2 be two different norms on a vector space V.
We say that the norms are equivalent if there are constants ¢y, co > 0 such that

crllvlli < jvll2 < e2llvll
forallveV.

Proposition 30. Let || -||1 and ||- |2 be two equivalent norms on a vector space
V. Then a sequence (v,) in V converges in one norm iff it converges in the
other norm, and it is Cauchy in one norm iff it is Cauchy in the other norm.
Therefore, V' is complete with respect to one norm iff it is complete with respect
to the other norm.

Proposition 31. The semi-inner product (f,g) — (Vf,Vg)r2(q)2 is actually
an inner product on H} (). Thus, for f,g € HE(Q), we let

(fs 9 m1) = (VI Vg) 2.
Furthermore, the corresponding induced norm on HE(Q)
[fllzy ) = [ flm@) = IV L2

is equivalent to the H* norm on H(Q).
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To finish this subsection, we state some approximation results that essen-
tially says that we only need to work with smooth functions whenever we work
with Sobolev spaces. First, we need a definition.

Definition 32. A subspace U of a normed vector space V' is dense in V if, for
each v € V, there is a sequence (u,) C U that converges to v € V.

Proposition 33. The space C*°(Q) is dense in L?(Q) with the L? norm. It
is also dense in H'(Q) with the H' norm. The space C§°(S) of all smooth
functions that are 0 on T is dense in H}(SY) with the H} norm.

2.2 Precise definitions of the strong and weak problems

We can now give precise definitions of the strong and weak problems. In what
follows, we assume f € L?(Q2) and ~(x) > 0 is continuous and bounded on €.

Definition 34. The strong problem is to find u € C?(Q) N C() such that
—Au+y(z)u = f(x) on Q
u=0onTl

Definition 35. The weak problem is to find u € H}(Q) such that

(Ve, Vu) i) + (v, w) 2 ) = (¢, 2
for all p € H}(Q).

We can also more precisely show how these problems are related to one
another.

Proposition 36. If u € C?(Q) N C(Q) solves the strong problem, then u €
H}() and u solves the weak problem.

Proof. Since u is smooth and is 0 on the boundary, u € H}(Q2). Now we
multiply the PDE in the strong problem by a smooth test function ¢ € C5°(U)
and integrate by parts to get that u satisfies the equation in the weak problem
for all functions ¢ € C§°(9). Since C$°(R2) is dense in H{ (2), we conclude that
u also solves the weak problem. O

This shows that the strong problem implies the weak problem in a certain
sense. We can also prove the reverse implication, but we need the following
lemma.

Lemma 37 (Fundamental lemma of variational calculus). If a continuous func-

tion v satisfies
/ pvdr =0
Q

for all p € CF(R2), then v =0 on Q.
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Proposition 38. If f and v are continuous, and if u € HZ () solves the weak
problem and also happens to be more smooth in the sense that u € C*(Q)NC(Q),
then u solves the strong problem.

Proof. Let ¢ € C§°(2). Then since u is classically smooth, we can start with
the equation in the weak problem, undo our integration by parts, and arrive at

/Qgp(—Au—l—’yu)da::/Qfgodx.

Subtract the integral on the right from both sides to get

/(pv:O
Q

for all ¢ € C§°(€2), where v = —Au+~yu— f is continuous on 2. The fundamental
lemma, of variational calculus finishes the proof. O

2.3 Galerkin’s Method

We now present an approach on how to discretize the weak problem, called
Galerkin’s method. We choose a sequence Vi, C V,, C - C HZ(Q) of fi-
nite dimensional subspaces of H} (), and on each subspace V},, we solve the
discrete weak problem: find uy, € V}, such that

(n,un) g1 o) + (Ven un)r2) = (@n, [z

for all ¢, € Vj. The spaces V}, should be chosen in a way that such that, as
h — 0, up, = w in a suitable sense.

2.4 The Ritz method

The Galerkin discretization of the weak problem by posing it on a finite dimen-
sional subspace is intuitive, but is not so easy to work with in terms of proving
that such discrete solutions uy exist and converge to the continuous solution wu.
For that, we look at an alternative formulation called the Ritz method or the
Ritz projection. The Ritz method is to look at the following minimization prob-
lem: find u € H{(2) that minimizes the following functional E : H} () — R
defined by

1
E(p) = 5(”@”?{3(9) + (vp, 0)r2) — (@, fre )

We project this minimization problem onto one of the finite dimensional sub-
spaces V3, chosen as above and look at the discrete minimization problem: find
up € Vj, that minimizes E on Vj,. We are interested in the following questions:

1. How are the Ritz method and Galerkin method related?
2. Are these methods solvable?

3. What are their approximation properties?
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2.5 Abstract framework
Let V = HL(Q). Let
a(p,u) = (%U)H(}(Q) + (ve, u) L2 ()

Let
L(p) = (¢, f)r2(a)-

Proposition 39. The map L:V — R s
1. linear: L(auw+v) = aL(u) + L(v) for all a € R and all u,v € V

2. bounded: There is a constant C > 0 such that

IL(¢)| < Cllellv
forallp eV
Furthermore, the map a : V xV — R is

1. bilinear: a(cu + v,w) = ca(u,w) + a(v,w) and a(w,cu + v) = ca(w,u) +
a(w,v) for all c € R and all u,v,w €V

2. symmetric: a(u,v) = a(v,u) for allu,v € V

3. bounded: there is a constant C' such that |a(u,v)| < Cllullv||v||v for all
veV

4. elliptic: there is a constant C > 0 such that a(u,u) > C|lully for all
ueV.

Proof. 1t is clear that L is linear. Recall that the Cauchy-Schwarz inequality
holds for any inner product with its induced norm: |(u,v)| < |Ju]|||v|]. We also
recall that the H! norm and the H} norm are equivalent on H}(2). Thus L is
bounded.

It is also clear that a is bilinear and symmetric. Therefore,

la(p, )| < lellvllullv + Ivellz2 @ llullz2 @
< llellvllullv + lIvllo el (g l1ull 1)
< (L4 Clllso)llellv v

so a is bounded. Finally,
a(u, u) = [ull}y + (vu, )2y 2 |lullf
so a is elliptic. O

Theorem 40. The weak problem and the minimization problem are equivalent.
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Proof. Suppose that u € HE () solves the weak problem. Then
a(v,u) = L(v)

forallv e V. Let v € V and let ¢ = v — u. Then

B(w) = Ja(ut o, ut ) — Llu-+ )

2 (@) + 2a(t,u) + a(,)) — L(u) — L(¥)

2
= Laluu) ~ L{u) +a(w, v) + a(tu) — L)
— B(u) + a(, )
> E(u).

Since v is arbitrary, u solves the minimization problem.
Now suppose that u solves the minimization problem. Let e € R and ¢ € V.
Let v = u 4+ ep. Then

E(u) < E(v)
= E(uteyp)
= S (alu+ep,utep) ~ L(u+ep)
62
= E(u) +e(alp,u) = L(p)) + Fale, ¢).

Thus 2
0 < e(ale,u) = L(p)) + Salp. 9)

for alle € R and all ¢ € V. If ¢ > 0, then

0 <a(p,u) — L(p) + %a(% ©).

Sending £ — 0 shows
0< a‘(LPa u) - L((,D)
Now if € < 0, then

0> a(p,u) — L(p) + %a(% ).

Sending £ — 0 in this case shows that

0> a(p,u) — L(p).
Hence u solves the weak problem. O

Corollary 41. The Galerkin method and the discrete minimization problem are
also equivalent.
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Theorem 42. There is a unique solution to the minimization problem.

Proof. We make use of all of the properties of L and a in proposition 39. For
any p € V,

1
E(p) = salg.¢) = L(¥)
Co
> S llelly = Ciliellv
Now we recall Young’s inequality:
1 1
b< —(ea® + =b?
ab < 2(5& + 2 )
and we use it with a = C1, b= [|p|lv, and ¢ = &

2 G

< L 2.
Cillelly < 5+ Pl
Thus o
E(p)> -2t :=-C
(¢) = e

for all ¢ € V. Thus mg := inf,cy F(v) exists. Recall that for infimums we have
that, for all € > 0, there is w € V such that

E(w) < Jg‘f/E(v) +e.
Thus we can find a minimizing sequence (v,) C V with E(v,) — mg. We will
show that (vy,,) is a Cauchy sequence in V. We have from ellipticity that
lvm — vnllv < Cal(vim — Uy Vi — U5
so it suffices to show that a(v,, — vp, Uy —vn) — 0 as m,n — co. We have that
a(Vm — Uy U, — Un) = a(Um, Um) — 2a(Um, V) + a(vp, Uy)
and
a(Vm + U, U + 0n) = a(Un, V) + 26(Vpn, Vn) + a(Vn, vr).
Adding these together gives us
a(Vm — Un, U — V) + a(Vm + Uy U + V) = 2a(Vp, U) + 2a(Vn, U5).
This implies that
(VU — Vpy Uy, — V) = 26(Vpn, Un) + 20a(0n, U0) — @(Vy + Upy U + Op)
= 4FE (V) +4L(vy,) + 4E(vy,) + 4L(vy,)

Um + U Um + Un Um + Un
—4 +8L | ——

= 4E(v,) + 4E (o) — 8E (Um;vn)

<4E(v,) +4E(vy,) —8mg — 0
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as m,n — oo. Hence (v,) is Cauchy in the complete space V, so there exists u
such that v,, — u. Then since E is continuous on V', we have that u solves the
minimization problem (and hence also the weak problem).

Now if v # u, then ¢ :=v —u # 0, so

2E(v) = alu+ p,u+ @) — 2L(u+ @)
= a(u,u) — 2L(u) + a(p, ) + 2(a(u, ¥) — L(p))
=2E(u) + a(y, ¢)
> 2E(u)

so v cannot be a minimizer. Hence there is only one minimizer. O
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